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Abstract 

Ericksen and Leslie established a theory to model the flow of nematic liquid crystals. This 
paper is devoted to the Cauchy Problem of a simplified version of their system, which retains 
most of the properties of the original one. We consider the density-dependent case and we 
establish the global existence of solutions in the whole space for small initial data. The initial 
density only has to be bounded and kept far from vacuum, while the initial velocity belongs 
to some critical Besov Space. Under a little bit more regularity for the initial velocity, we 
prove also that those solutions are unique. 
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1. Introduction and main results 

Over the period of 1958 through 1968, Ericksen [7] and Leslie [T5] developed the theory of liquid crystal 
materials. A liquid crystal is a compound of fluid molecules, which has a state of matter between 
the ordinary liquid one and the crystal solid one. The molecules have not a positional order but they 
assume an orientation, which can be modified by the velocity flow. At the same time a variation of 
this alignment can induce a velocity field. 

The present paper is devoted to the global solvability issue for the following system, which characterizes 
the liquid crystal hydrodynamics: 

dtp + div (pu) = 0 

dt{pu) + di v(pu © u) — vlS.u + Vn = —pAdiv(Vd © Vd) 
div u = 0 

^ ) d t d + u-Vd-yAd = y\Vd\ 2 d 

Ml = i 

. (w,P,d)|t=o = («o, Po, d 0 ) 

This is a strongly coupled system between the inhomonegenous and incompressible Navier-Stokes 
equation and the transported heat flow of harmonic maps into sphere. Here p = p(t , x) € R+ denotes 
the density, u = u(t, x) £ BA represents the velocity field, n = n(f, x) € R stands for the pressure and 
d = d(t,x ) £ (the unit sphere in R w ) represents the molecular orientation of the liquid crystal, 

depending on the time variable t £ R + and on the space variables x £ R N , with N > 2. The symbol 
Vd © Vd denotes the N x N matrix whose ( i , j)-th entry is given by did • djd , for i. j = 1,..., N. 
The positive constants u, A and 7 stand for the viscosity, the competition between kinetic energy 


R+ x R n , 
R+ x R n , 
R+ x R n , 
R+ x R n , 
R+ x R n , 
R n . 
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and potential energy and the microscopic elastic relaxation time for the molecular orientation field 
respectively. 

We immediately remark that in the present paper we are going only to suppose the initial density 
po to be bounded, thus it can present discontinuities along an interface. Such condition should be 
a model for an important physical case, namely the description of a mixture of fluids with different 
densities filled with crystals. 


AyllAd- /(d)|| 2 )da;. 


Some developments in the crystal liquid Theory. System © has been presented by Lin (see 
to model the flow of nematic liquid crystals with variable degree of orientation. It has been formulated 
as a simplification (see [18] appendix) of the original equations in the theory of liquid crystal proposed 
by Ericksen in 0IZI and Leslie fl5l . 

The solvability problem of the general Ericksen-Leslie equations has been studied by F. Lin and Liu 
in } 20 j . proving the existence of weak and strong solutions under specifically conditions and also by 
Wu, Xu and Liu in m , establishing the local wcll-posedness, and the global well-posedness for small 
intial data. However, because of the complexity of such model, only special cases have been treated in 
literature (see for example [4]). On the other hand, the simplified system © is more maneuverable, 
even if it preserves the mainly characteristics of the first one. 

In m I 7 - Li 11 an< i Lin consider the homogeneous sub-case of system © (namely with constant density), 
replacing the term |Vd| 2 d with the forcing term given by f(d) = VF(d). They study the wcllposedness 
of the system, establishing the following basic energy law: 

“ ^(IHI 2 + All Vrfll 2 + 2XF(d))dx = -jjy\\ Vu|| 5 

Then, with a modified Galerkin method, they are able to prove the existence of a weak solution (it, d), 
with u £ L 2 (0,T ;H\n)) n C([0,T],L 2 (fI)) and d £ L 2 (0, T; 7J 2 (D)) n C([0, T]; provided 

uo £ L 2 (D), do £ U 1 (fl) and d 0 jga £ H 3//2 (dfl). They also get uniqueness in the 2D case or in the 3D 
case on the condition v > 1 /( 7 , A, uq, do). Furthermore they prove a stability result for the equilibria. 
Moreover, in [19] F. Lin and Liu show a regularity result for the system, namely if the initial-boundary 
condition are smooth enough, then there exists a suitable weak solution whose singular set has one- 
dimension Hausdorff measure zero in space time. 

In [T^, Jiang and Tan consider the 3D system (JT]) on a bounded domain with f(d) = X7F(d) instead 
of |Vd| 2 d. They derive the global existence of weak solutions provided that the boundary is C 3+s , for 
a positive 6 < 1, do £ U 1 (D) with do\gn € F[ 3 / 2 (dVL), the initial density po £ L 7 (f2) with 7 > 3/2, 
uo = 0 whenever po = 0 and |uo| 2 /po belongs to L 1 (D). 

In dimension two, the homogeneous sub-case of system © on a bounded domain has also been treated 
by F. Lin, J. Lin and C. Wang in [21, and by Hong in '9]. Even if the velocity field is supposed to 
be defined on a plane, the authors suppose the director field d to assume values on S’, that is in the 
three dimensional framework. The first authors prove both interior and boundary regularity Theorems 
under smallness condition, which allow to obtain the existence of global weak solutions on a bounded 
smooth domain. Such solutions are smooth except for a finite time-set. An equivalent result has been 
proved simultaneously by Hong with a different approach, getting an L 2 -estimate of V 2 d and Vu 
under a small energy condition on the initial data. 

In [!M], D. Wang and Yu studied system © on a bounded domain of class C 2+v , where v > 0, with 
f(d) = X7F(d) instead of |Vd| 2 d. They consider the compressible case, namely with the pressure n 
dependent by the density and without the free divergence condition on the velocity held. They proved 
existence and large-time behavior of a global weak solution. 

Still in the compressible case, F. Jiang, S. Jiang and D. Wang in EH established the global existence 
of weak solutions in a bounded domain in dimension three, under a smallness condition on the N- 
th component of the initial director held. Moreover in m they determined the existence of weak 
solutions in dimension two, overcoming the supercritical nonlinearity of |Vd| 2 d and applying a three- 
level approximation scheme. Such results hold under some restriction on the initial energy (including 
the case of small initial energy). They also proved a global existence result with large initial data, 
provided that the second component of the initial director held fulfils some geometric angle condition. 
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In [23] F. Lin and C. Wang develop some uniqueness results in the homogeneous setting of 0 - In the 
two dimensional case they prove that uniqueness holds provided that u belongs to L/° L 2 nL 2 Hf (where 
with the notation L p L q stands for L P (R + , L q (R N ))), VII £ L^ 3 L^ 3 and d £ L^Hf fl L 2 Hf. In the 
three dimensional case they prove a similar result on the condition u £ Lf°L 2 r\L 2 Hf. flC([0, T), Lff), 
II £ L^ 2 Lx^ 2 and d £ L 2 Hfr\C([ 0, T), W 1,N ), where H). and W 1,N denote the homogeneous Sobolev 
spaces on R w . 

In [26], Zhou, Fan and Nakamura establish an existence and uniqueness result of the two dimensional 
inhomogeneous 0 on a smooth bounded domain, for large initial velocity uq and small Vdo in L 2 , 
while the initial density po is supposed to be smooth enough, namely in W 1,r (M), with r £ (2,oo). 
Recently, Hieber, Nesensohn, Priiss and Schade [5] have developed a complete dynamic Theory for the 
homogeneous sub-system of 0 (namely with constant density) in a bounded domain fl of with 
a (7 2 -boundary <912. Their approach is to consider such system as a quasilinear parabolic evolution 
equation, proving the existence and uniqueness of stronq solutions on a maximal time interval. They 
also show that the equilibria are normally stable, i.e. for an initial data close to their set, there exists 
a global solution which converges exponentially in time to an equilibrium. Moreover they ascertain 
the analytic regularity of their solutions. 


Remark 1.1. In order to simplify the nonlinear term |Vd| 2 d in the molecular orientation equation, 
which allows the constraint d £ , in m Lin and Liu have introduced a penalty approximation 

of Ginzburg-Landau type. More precisely they have replaced the classical energy 1/2||Vd|| 2 2( - 0 ) by the 
following one: 


L (>> 


2 \ 2 , 


2 + (i- Ml ) 


4e 2 


ds, 


where £ is a positive parameter. It is still a challenging problem to prove the convergence of the 
approximate solutions to the original one as £ goes to zero. However, in this paper we are going to 
prove global solvability results for system 0 with the direct constraint d £ S N 1 . 


At first, let us observe that system 0 contains the incompressible inhomogeneous Navier-Stokes 
equations (imposing the molecular orientation field to be constant), thus we cannot expect to obtain 
better results than those of this sub-system. We mention the paper of Huang, Paicu, and Zhang m 
where the authors establish existence and uniqueness of solutions in the whole space and moreover 
the paper of Danchin and Zhang i3] where similar results are obtained in the half space setting. In 
this paper we aim to develop analogous Theorems of m to the liquid crystal framework. 

There is no loss of generality if in 0 we consider the constant viscosity u = 1. In the same line we 
impose the constants A and 7 to be 1, for the convenience of the reader. When the density function 
p > 0 assumes a value different from 0 , we can define a := 1 /p — 1 and reformulate system 0 by 


dta + div ( au ) = 0 

R + x R^, 

d t u + u ■ Vu + (1 + a){Vn — Au} = —div(Vd 0 Vd) 

K + x R^, 

div u = 0 

R + x R^, 

dtd + u • Vd — Ad = |Vd| 2 d 

R + x R^, 

|d| = l 

R + x R", 

(u, a, d)|t —0 = (m 0 , a 0 , d 0 ) 

R N , 


Remark 1.2. The liquid crystal system 0 holds a scaling property, just as the classical Navier-Stokes 
one. Namely, if (a, u, d, Vn) solves 0 with initial data (a 0 , uq, do), then for every positive A, 

(a, u , d , Vn) A := (a(A 2 t, As), Xu(X 2 t, As), d(X 2 t , As), A 2 Vn(A 2 f, As)) 

is still solution with initial data (ao(As), Auo(As), do(As)). Hence it is natural to consider the initial 
data in a Banach space which has an invariant norm under the previous scaling. Moreover, let us note 
that Vdo has the same scaling property has uq, thus it is natural to impose them in the same functional 
space. An example of invariant by scaling space is (ao, uq, Vdo) £ L'ff x Bp^ p 1 x B^l P 1 , where 
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Bp,l P 1 stands for the homogeneous Besov space (see the next section for more details and for the 
definition of Besov spaces). We are going to consider initial data of this type and we still remark that 
the case of bounded density can also include discontinuities along an interface, which is an important 
physical case describing a mixture of fluids with different densities, filled with crystals. 


In this paper we will consider initial data of the following type: 

(3) a 0 £ Lff, ( u 0 , Vd 0 ) £ Bf r 1 with d 0 : R N —> § w_1 , 

where Bp/ r p 1 is the critical homogeneous Besov space, with indexes 1 < r < oo and 1 < p < N. 
From here on, we suppose that our initial data verify the following smallness condition: 

(4) V ■■= ||a 0 ||L~ + IKII . jx_i + ||Vd 0 || . < c 0 , 

B* r Bf r 

where Co is a positive constant, small enough. The index of integrability p is supposed to be in (1, N) 
and the value of r in (1, oo). As in the case of the inhomogeneous Navier-Stokes equation, we can not 
assume u with a better regularity than L\Bp^ p+1 (see PQ for a complete explanation of such space). 
Hence, the product aAu between Lffl and Bp^ p ~ l assumes a distributional sense only if p < N, and 
this explains the restriction for p. If the index r is supposed to be equal to 1 then we expect to obtain 
a velocity field to be in L\Cip x (where L\Cip x stands for L 1 (R + , Cip(R N ))) which is very useful to 
solve the transport equation on the density by Lagrangian coordinates. Our condition r > 1 is general 
enough to include the case of non-Lipschitz velocity field. 

Before introducing our main Theorems, let us explain the meaning of weak solution for system ©• 


Definition 1.3. We define (a, u , d) a weak solution for © if |d| = 1 almost everywhere and 

t> for any test function <f £ C)( 0 (]R+ x R™) the following equalities are well-defined and fulfilled: 

/ a(t,x) (dt<p(t,x) + u(t,x) • Vg>(t,x)) dtdx + / ao(x)ip(0, x)dx = 0 
JR+xR N JR n 


[ 


u-Vip = 0. 


> for any vector valued function $ = ($i,..., $>n) £ C' t 
well-defined and satisfied: 


,_l_ x R w ) the following identities are 

[ u-d t <& + {u- Vm + (1 + a)(Vn - Au)} ■ $ + (Vd 0 Vd) • V<F + [ u 0 ■ $(0, •) = 0, 

JR + xR N Jr n 

[ d ■ dtfl> + {u ■ S7d - Ad - \X7d\ 2 d} • $ + / d 0 ■ $(0, •) = 0, 

Jm + XR N Jr n 

The functional Framework: the smooth case. The maximal regularity Theorem (see Theorem 12.211 and 
the characterization of the homogeneous Besov spaces (see Theorem 12.101) play an important role for 
the study of @, since we can reformulate the second and the third equations of © in the following 
integral form: 

u(t) = e tA uo + f e ( 4 - s ) A ( _ u . Vu + (1 + a)Vn + aAu — div(Vd © Vd) }(s)ds, 

J o 


d(t) = 


J A, 


JO 


= (t- s )A r _ 


{ — u ■ Vd + |Vd| 2 d}(s)ds. 


It is reasonable to suppose the solution having the same regularity as for the linear heat equation 
given by the heat kernel convoluted with the initial data. Moreover, due to the low regularity of the 
initial density, which is supposed to be a general bounded function, the transport equation on the 
density forces us to suppose a only bounded. The classical maximal regularizing effect for heat kernel 
(see Theorem [221) suggests us to look for a solution in a L(Lf setting. Now in the simpler case where 
u just solves the heat equation with initial data uq , having Au in is equivalent to uq £ Bq , l q 1 
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on the condition N/q — 1 = 2 — 2jr (see Corollary 12. 10. ID . From the immersion Bp/r 9-1 Bq.i q ~ l 
for every q > p, we understand that this strategy requires p < Nr/(3r — 2). Furthermore, since the 
velocity field u may be seen as solution of the Stokes equation 

dtu — Am + VII = —u ■ \7u + a(Au — VII) — div{Vd 0 Vd}, 

it turns out that 

||(d t M, V 2 m, Vn)|| L r L j < ||u 0 || . + || (it - Vm, aAu, aVn, div{Vd© Vd})\\ L r L 9, 

z D <2_ z 

Q,r 

Here the first relation we expect between the regularities of u and d, namely u ■ Vm = div(M 0 m), Am 
and div{Vd 0 Vd} in the same space. Thus, according to the previous remark, it is natural to 

look for a solution such that u and Vd fulfils the same functional properties and this explains why we 
suppose Vd 0 and mq belonging to the same critical Besov space B^r 1 . 


According to the above heuristics, imposing q = Nr/(3r — 2), we aim to find a solution in the following 
space: a, d £ L^ x and (m, Vd, Vn) £ lr. n where 


3Nr _ 

Ir, r := { (m, Vd, Vn) with Vd £ L 3 t r LY ~ 2 , (m, Vd) £ L$L £~ l , 

v(m, vd) £ , (v 2 m, v 3 d, vn) £ L r T LY ^ }. 

We also define the following norm 

||(M,Vd,Vn)|| 3EriT :=||Vd|| m + ||V(m, Vd)|| + ||V(M, Vd)|| *,+ 


Nr 
-2rr r -l 


L%CL 


r 2r r 

±Jrr J-/ x 




2 (^- 1 ) 


+ ||(m, Vd)|| jv> + ||(v 2 m, v 3 d, vn)|| 


Lrjn L X 


T r r c 

J-/ X 


and impose X r = X r ,oo- Thus, our first result reads as follows: 


Theorem 1.4. Let 1 < r < 2 and p £ (1, Nr/(3r — 2)]. Suppose that the initial data (a o, mo, do) 
are determined by ©. There exists a positive constant Co such that, if © is fulfilled, then there 
exists a global weak solution (a, m, d, Vn) of ©, such that (m, Vd, Vn) £ % r , (m, Vd) £ L^Lff and 
a, d £ LY X - Furthermore ||a||z,°° < ||aoIIand £/ie following inequality is satisfied: 

(5) ||(«, Vd, Vn)||* r + ||(m, Vd) || L 2 L „ < q. 


Remark 1.5. In this first Theorem we have supposed the constriction 1 < r < 2. To explain this 
condition, we anticipate that the proof will be based on an iterate scheme which includes the following 
one: 

d t d n - Ad n = |Vd ra_1 | 2 d n_1 - m"- 1 ■ Vd”" 1 . 

The condition (u n , Vd")pj C 3L r is not enough to easily control the Lf° x -norm o/(d n )pj- Thus, we have 
added the condition ( u n , Vd™)^ C L^Lff which requires (uo, Vdo) £ 2 . We conjecture that such 

restriction is not necessary, however we have imposed it to simplify the proof for the reader. Indeed 
the case r > 2 is treated in our second result, Theorem 

The functional framework: the general case. As we have already pointed out, the choice of a L\Lf 
functional setting requires the condition p < Nr/(3r — 2). The more general case 1 < p < N can be 
handled by the addiction of a weight in time. Indeed the simpler case where u just solves the heat 
equation with initial data Mo, having mo £ B^- 1 1 for some pi £ [p, N) and f £ [r, oo] is equivalent 
to impose t 1 ^ 2 ^ 3 ~ N ^ Pl ' > Au in L r (R + , dt/1). Hence, with similar heuristics proposed in the first case, 
adding such weights in time, we aim to find a solution in the following functional space: a, d £ Lf° x 
and (m, Vd, Vn) £ where 2 ) r ,T = %)r,T{pi , P2, P3 ) is the set of (u, Vd, Vn) such that 

{^(m, Vd) £ L 2 t r L p x 3 , £ 72 (m, X7d)eL?Lr?, t yi (u, Vd) £ T 2 t X P3 , £ 72 (m, Vd) £ L^L™, 

£ 73 Vd£L 2r L 3pi , t 74 Vd £ Lf°L x Pl , t pl N{u, Vd) £ L 2 t r L p x 2 , t 02 \/(u,Vd)eL^L P2 , 
t /3s V(M, Vd) £ L\ r Lf, ^ 4 V(m, Vd) £ L™LJ, t ai V 2 (m, Vd, n) £ L 2 t r L Pl |. 
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where we have fixed max{p, Nr/(2r — 1)} < p\ < N, Nr/(r — 1) < P 3 < oo and P 2 such that 
1/pi = l/p 2 + 1/^3- Furthermore, the weight in time exponents are defined by 


==*(3-£)-&, 


P i 

fa 

fa 


= *(2-£)-£, 71 

= l(2-f), 73 

= *( 2 -fe)-£. fa 


•= Ifl _ K) - ± 
2 V p 3 J 2 r 5 

^=40-Jr)-*. 


We also denote by ||(w, d, Vn)||g T the following norm: 

l|f*V(u, Vd) \\ L *r L p + ||t fe V(ti, Vd)|| L?Ji P 2 + II4 ft V(u, Vd)|| a + 

T T A^. r Ax 2 

+ ||t*V(u, Vd)|| sa. + p 7l («, Vd)|| i3rL Pa + II t^(u, VdJIL-i-a 


74 := if 1 - Jr)> 


||t 73 Vrf|| j2r j3 P1 + 


+ ll^vdll,.,^ + \\t a HV 2 u, vn)|| L 2r L pi + ||t“ 2 (v 2 u, v 3 d, vn)|| i5 , L « 


and impose 2)r := 2)r,oo- Hence our second and more general result concerning the existence of a 
solution reads as follows: 


Theorem 1.6. Let 1 < r < oo and p £ (1,N). Suppose that the initial data (a o, uq, do) are deter¬ 
mined by ©• There exists a positive constant Co such that, if © is fulfilled, then there exists a global 
weak-solution (a, u, d) of ©, such that (a, d ) £ Lf° x and (it, 'S/d, Vn) belongs to 2)r- Furthermore 
IM|i“ x < ll a o||Lj°; \d{t,x)\ = 1 for almost every (t,x) £ R+ x R w and the following inequality is 
satisfied: 

II(«, Vd, vn)||g) i . < 77 


Uniqueness. In order to recover the uniqueness of the constructed global weak-solutions, we need to 
add an extra regularity on the initial data for the velocity field and the director field. Namely we add 
to © the following hypotheses 

(w 0 , Vd 0 ) £ Bp, r 1+S , 

for a sufficient small positive constant e. With this extra-regularity, we are able to obtain the velocity 
field u to be in L). loc Cip x . This allows us to reformulate system m in Lagrangian coordinates. 
Such coordinates simplify in some way our problem, granting the density a to be constant, since it 
is governed by a transport equation. Therefore, we proceed in the same fine of m, proving the 
uniqueness of the constructed solutions for a initial time interval. Thus we conclude by a boot strap 
method in order to recover the global uniqueness. 

First, let us introduce the functional frameworks. Fixing the value of e in (0,1) and let us assume 
also the constriction r < 2/(2 — e). We define the following space: 

3 Nr 2 

X e r := { (it, Vd, Vn) with Vd £ Lf 3 ~ e)r ~ 2 , V(u, Vd) £ Lf~ e L™, 

V(u, Vd) £ L 2 t r , (V 2 u, V 3 d, Vn) £ L r t L'£-fa- 2 }. 

Remark 1.7. Let us immediately remark that for r < 2/(2 — e) we get Nr/((3 — e)r — 2) > N. Thus, 
it will be possible to apply the Sobolev inequality in order to get the velocity field to be Lipschitz in 
space, which plays an important role, as we have already mentioned. 

The first uniqueness result of this article reads as follows: 

Theorem 1.8. Let £ be a positive constant in (0,1]. Suppose that the hypotheses of Theorem M are 
satisfied with r < 2/(2 — e) and let (a, it, d) be the solution generated. Let us assume that (uo, Vdo) 
also belongs to B^£ 1+6 , then we have (it, Vd, Vn) £ X x with 

II(u, Vd, vn)||*. < ||(it 0 , Vd 0 ) || . «:_ 1+e + IlVdoll 

R P R P 3 

■ LJ p,r 

and the uniqueness holds in this functional framework. 
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As we have already exposed, the results of Theorem 11.41 and 11.81 require the constriction 1 < p < 
Nr/(3r — 2). Here, the existence and the uniqueness hold in a setting of type L^Lf. However, to 
recover the uniqueness for the general case 1 < p < TV, we need again to add a weight in time. 
More precisely, fixing qi G (TV, TV/(1 — e)), q 3 > TVr/((l — e)r — 1) and imposing q 2 such that 
l/< 7 i = l /<72 + 1 / 93 : we define the following space: 

©r.r=3)r,r(3i,©,©):={(«,Vd ) Vn) with ^(«, Vd) G L 2 t r Lf , Vd) G L?Lf, 

Vd) G LfLf, t^(u, Vd) G L?Lf, f'*Vd G LfL^, t<Vd G L?I&, 


0V(u,Vd)£L 2 t r Lf, 0V(u, Vd) G L™Lf, t a Hv 2 u, V 3 d, Vn) G L?Lf }, 
where the exponents of the weights in time are defined by 


a] 


+ : =-§( 3 - 
7! : = 357- £ ) 


>3f 

jSf 

7l 


= l(2-f 




7 ! — 

7L=1(i-S-4. 


Therefore, our main uniqueness result reads as follows: 


Theorem 1.9. Let us assume that the hypotheses of Theorem \1.6\ are satisfied and suppose also that 
( uq, Vdo) G BpJ r P 1+6 for a positive e bounded by min{l/r, 1 — 1/r, N/p — 1}. Then the solution 
(a, u, d, Vn) determined by Theorem \1.6\ fulfils also (u, Vd, Vn) G 2)^ and we have 

||(u, Vd, VH)||aje < || (u 0 , Vdo)||.*_ 1+ .. 

B p * r 

Moreover, such solution is unique in this functional framework. 


Let us briefly describe the structure of this paper. In the next paragraph we briefly recall some 
properties and characterizations about Besov Spaces, while we prove in detail some technical Lemmas 
and Theorems concerning the regularizing effects for the heat kernel both in the functional framework 
with and without weight in time. In the third section we prove the existence of solutions for system m 
on the condition of more regular initial data with respect to Q- Such results will play an important 
role in the proofs of our main results, both for the existence part, regularizing the initial data, and the 
uniqueness part, where we are able to reformulate © by Lagrangian coordinates. The fourth section 
is devoted to the proof of the existence part, namely Theorem II.41 and Theorem II. 61 Regularizing the 
initial data we construct a sequence of approximate solutions and we pass to the limit thanks to some 
uniform estimates. In the fifth section we present the uniqueness results. We suppose the initial data 
with a little bit more regularity, which allows us to obtain the Lagrangian coordinates. Thus, we are 
able to prove the uniqueness of the solution for system © in a small initial time-interval. Then we 
conclude by a bootstrap method, obtaining Theorem 11.81 and 11.91 Finally in the appendix, for the 
convenience of the reader, we prove some technical results which are useful in the main proofs. 


2. Preliminaries 

This section is devoted to the study of several regularizing effects for the heat kernel, which will be 
useful for the proof of the main Theorems. At first step let us recall the well-known Hardy-Littlewood- 
Sobolev inequality. 

Theorem 2.1 (Hardy-Littlewood-Sobolev inequality). Let f belongs to Lp, with 1 < p < 00 , a G]0, N[ 
and suppose r G]0,oo[ satisfies 

1 a , 1 

- + T7 — 1 + “■ 
p TV r 

Then 

I -\- a *f€L r x , 

and there exists a positive constant C such that 

||H-“*/L,<c||/|U. 
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Let us now enunciate the well-known L P L 9 -Maximal Regularity Theorem, whose proof is available 
in M- 

Theorem 2.2 (Maximal regularity for the heat kernel). Let T £]0,oo], 1 < p, q < oo and 

f £ L p (0,T; L^.). Let the operator A be defined by 

:= f Ae^ A f(s,-)ds. 

Jo 

Then A is a bounded operator from L p ( 0, T; L|) to L p ( 0, T; L|). 


Lemma 2.3. Let T € ]0, oo], 1 < ri, r 2 < oo, q\ £ [1, oo] and q 2 £ [q\, oo], such that 

N / 1 1 


<6) 2 V* „ 

Let the operator B Let the operator B be defined by 


) + l 


< 1 . 


■= f 1 Ve (t - s)A /(v)ds. 
Jo 


Then, we have that B is a bounded operator from L ri (0, T; L'fi) with values to L r2 (0, T; L® 2 ), if the 
following equality is fulfilled: 


(7) 


1 N / 1 l \ _ l L 
n 2 V qi q 2 J 2 r 2 
Proof. At first let us observe that, if K denotes the heat kernel, than for all 1 < A < oo we have 


( 8 ) 


t 2l T+ 2 


Observe that, for every t £ R+, 

|! /"* Ve (t_s)A /(s)ds \\ l93 < f \\VK(t-s,-)*f(s,-)\\ L ?ds< f || VK(t -«)|| i£ || f(s) |L«da, 

Jo x Jo Jo 

with 1/q + l/qi = l/q 2 + 1. Thus, by ©, we obtain 

_N_( _1_L)_i 

Bf(t) = [l.[0,T](s)|s| 2 V- 92 / 2 * s l[0,T](s)ll/(s)IL«](t) 
and by virtue of Theorem 12.11 we conclude the proof of Lemma 12.31 □ 


Lemma 2.4. Let T £]0, oo], 1 < ri, r 2 < oo, q\ £ [l,oo] and q 2 £ [ 51 , 00 ], such that 

N / 1 1 ' 

2 V gi q 2 , 

Let f £ Lf Lff and let the operator C be defined by 


(9) 


< 1 . 


Cf(t,-) := f e {t ~ s)A f(s,-)ds, 
Jo 


Then, C is a bounded operator from L ri (0, T; L%}) with values to L r 2 (0, T; L^ 2 ), where 


( 10 ) 


1 N / 1 


V a i 09 / 


ri 2 Vgi q 2 


= 1 + 


r 2 


Proof. The proof is basically equivalent to the previous one, observing that 


( 11 ) 

for every 1 < A < oo. 


\\K(t,.)\\ L > = ^\\K(l,.)\\ L >, 
t 2 V 


□ 


The next Theorem is a variation of Theorem o for functions which belong to some space, up 

to a weight in time. This Theorem has already been presented in [101 and [3], however we briefly 
prove it for the convenience of the reader. 
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Theorem 2.5. Let T e]0, oo], 1 < f, q < oo and a £ (0, 1 — 1/f). Let the operator A be defined as in 
Theorem \2.2l Suppose thatt a f(t) belongs to L r (0,T;L|). Thent a Af(t) belongs to L r (0,T; L|) and 
there exists C > 0 such that 

\\t a Af (t)\\ L f(0,T-,L%) < C\\t a f(t)\\ L r(p^T-L q x )- 

Proof. Let us define v(t) := t a Cf{t ), where C is defined by Lemma T2.4I Since v(t) is solution of 

jd t v(t, x) — A v(t, x ) = t“/(t, x) + at“ _1 /(t, x) (t, x) £ K + x R N , 

|^u( 0 , x) = 0 x £ M. N , 

by Theorem 12.21 we deduce that 

\\t a Af{t)\\ L r(o^T-L%) < ll i “/( i )lli f '( 0 ,T;LS) + ll ai “ 1 v (t) IIl < "( 0 ,T;LI) ■ 

Observing that 

¥ a -MmLl<t a J*\MT)\\ Ll dT = J* (£)V||/(r)|U*y = ^ 1 (r')-“(tT'n/(tT')|U|dr ' 1 
for every t 6 (0, T ), then, by virtue of Minkowski inequality and because a < 1 — 1/f, 

r-Vi)ll^(o,T;L* < / 1 (r , )-“(| r (tr , ni/(tr / )||i s dt) i d/ 


< {t'r\\fit'W Ll dt'Ydr' < \\t a m\\ Ln0tT . tLi y 


□ 


The next two Lemmas are a particular case of Lemma ED and Lemma E3 therefore we postpone 
the proof to the appendix. 


Lemma 2.6. Let the operator C be defined as in Lemma \2./\ Consider T £ (0,oo], 1 < r < oo, and 
moreover suppose that q , q satisfy N/2 < q < N, max{iV, q} < q < oo. Let a, 7 and 7 be defined by 

1, iV, 1 1, IV, 1 , 1, TV 

->'■= 2^ - j) - J and Y= 2 <l- T ). 

If t a f(t) belongs to L r (0,T; L|) then t 7 Cf(t) belongs to 1/(0, T’jLf). Furthermore there exist C = 
C(q , g, f) >0 such that 

\\f y Cm\\ L ^0,T i Li) < C'l|i Q /WII^(O.T;Lj)- 

Moreover, if f > 2 and Nf/(2f — 2) < g, t/ien CCf{t) belongs to LtfiLf and there exists a positive 
constant C = C(q, g, f) suc/i t/iat 

J-/rp J-/X 1 

Lemma 2.7. Let t/ie operators B be defined as in Lemma, Ik.,VI Consider T £ (0,oo], e > 0 small 
enough, 1 < f < 00 , and moreover suppose that g, g satisfy N/2 < q < N and q < q such that 
1/g— 1/g < 1/1V. Let a fee defined as in Lemma \2.61 and (5 and ft be defined by 

and fi :=\{l 

2 v q 7 2 v q r 

If t a f(t) belongs to L^Lf then t^Bf(t) belongs to L(/Lf and there exists a positive constant C = 
C(q, g, f) such that 

H^/WllL^I<C , |r/(t)llL5.£S- 

Moreover, if f > 2, Nf/(2r— 2) < g and q < Nr then t^Bf(t) belongs to L“L| and there exists a 
positive constant C = C(q , g, f) such that 

\\t B Vf{t)\\ L „ Ll <C\\t a f{t)\\ L r L l- 
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For the main properties of homogeneous Besov Spaces we refer to pQ. However, let us briefly recall 
the definition and two important results which characterize such spaces in relation to the heat kernel. 

Definition 2.8. Let \ be a smooth nonincreasing radial function which has support in S(0,1) and 
such that x = 1 on B( 0,1/2). Imposing p q {£,) := x(£2 _<?_1 ) — x(£2 -9 ) for every q £ Z, we define the 
homogeneous Lettlewood-Paley dyadic block A q by 

A q u := T~ l [}p q Tu), 

where u is a temperate distribution and T is the Fourier transform on . 


The homogeneous Besov Space is defined as follows: 

Definition 2.9. For any s £ K and ( p,r ) £ [l,oo] , let us define B p r as the set of tempered distri¬ 
bution f such that 

ll/ll Bp,r := l|2 S9 l|A 9 /lklk Z ) 

and for all smooth compactly supported function 9 on we have 

lim 9{\D)f = 0 in L°°(R N ). 

A—^ oo 


Theorem 2.10 (Characterization of Homogeneous Besov Spaces). Let s be a negative real number 
and (p , r) € [1, oo] 2 . u belongs to B p r if and only if e tA u belongs to L £ for almost every t £ K + and 


t 2 ||e tA it| 


lZ 


£ L r 


M-) 


dt \ 

TJ‘ 


Moreover, there exists a positive constant C such that 

1 „ 


c IMk r ^ 


It 2 e tA M || 


*+>1 


) 


< Cllull 


An immediate consequence is the following Corollary: 

. _ 2 

Corollary 2.10.1. Let p £ [l,oo] and r £ [l,oo). u belongs to B P J if and only if e tA u £ L\L v x . 
Moreover, there exists a positive constant C such that 

h ||u|| s-f - ir-iu - c ^ u h~i • 


Theorem 2.11. Let 1 < p\ < P 2 < 00 and 1 < rr < r 2 < 00 . Then for any real number s, the space 
B s pi ri is continuously embedded in B P2 ^J' 1 ^ Pl 1 ^ P2 ' > . 


3. Smooth initial data 

In order to prove Theorem 11.41 and Theorem 11.61 in this section we are going to establish the global 
existence of a solution for system ©, considering more regular initial data. More precisely we are 
going to consider an initial Lipschitz density and moreover we suppose the initial velocity and the 
initial director field with a little bit more regularity with respect to the one of Theorem 11.41 and 
Theorem 11.61 

Proposition 3.1. Let e £ (0, 1], r £ (1, 2/(2 — e)], p £ ( 1, Nr/(3r — 2)]. Suppose that the initial 
condition © is fulfilled and moreover V«o £ Bfff and (ito, Vdo) £ Bp,l P 1+ C If the smallness 
condition © holds, then © admits a global weak-solution (a, u , d, Vn) such that (a, d) £ Lf° x , 
Va £ Lf° loc Lff, (it, Vd, Vn) belongs to X r D X® and (it, Vd) belongs to L^Lfff, with 

II(«, Vd, vn)||* r + ||(u, Vd)|| L?i ~<r? 

II(u, Vd, vn)||*. < ||(u 0 , Vd 0 )11 . «_ 1+e + IlVdoll 3 «_ 1+2e . 

Bp.r Blr 3 
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Proof. The mainly idea is to proceed by iterate scheme. We solve a sequence of linear systems which 
comes from © and we prove that their solutions converge to the one we are looking for. We set 
(a 0 , u°, Vd°, VII 0 ) = (0,0,0, 0) and we solve inductively the following two systems: 


( 12 ) 


d t a n + m "" 1 ■ Wa n = 0 M+ x 
°ft=o = «o 


(13) 


£ + X 
K + X 
K + X 


d t d n - A d n = |Vd”- 1 ! 2 ^- 1 - m"- 1 • Vd"" 1 
d t u n + w"- 1 • V« n - Am" + Vn" = F n 
div m" = 0 

(M",d")| t=0 = (m 0 , do) 

where F n is defined by: 

(14) F n := (1 + a")div(Vd" 0 Vd") + a^Au"" 1 - Vn"" 1 ). 

The global existence and uniqueness of a solution to m is standard, since m" 1 belongs to L} oc Cip 
and so it is possible to construct the Lagrangian coordinates. Furthermore, 


(15) 
and 

(16) 


|a”||L f “ < ||a 0 ||L° 


|Va"(t)||i,» < ||Vao|| L ooexp|y ||Vm" 1 (s)|| L oods| 


are fulfilled for every natural number n. For system (1131) we apply Proposition IB. 1 1 
Now let us prove by induction that the following inequalities are satisfied for every n 6 N: 


(17) 

(18) 


IM1l~ <(1 + Crj)e c \ 

(m", Vd", Vn")|| 3 e r + ||(m", Vd ")\\ L?L „ < v , 


where C is a positive constant. We consider initially system m and we want to estimate d". By the 
Mild formulation for the heat equation, we obtain that 

(19) d"(f) = e tA d 0 + [ e ( ‘- s)A {-M"- 1 -Vd "- 1 + |Vd"- 1 | 2 d"}(s)ds. 

do 

Hence, we deduce 

IKWIk- < ||do||L- + f ||w n_ 1 (s)||L S =||Vd"- 1 (s)|| L == + ||Vd"- 1 (s)||| st ,||d"(s)||i S =ds 
Jo 

<1 + Crj+ ( ||Vd" 1 (s)||| s =||d"(s)|| L? >ds. 

Jo 


( 20 ) 


Applying the Gronwall inequality and by the induction hypotheses, we obtain (ED- We want now to 
estimate Vd" and m". From m we get 


( 21 ) 


Vd"(i) = e tA Vd 0 + [ e {t ~ s)A V {u n ~ 1 ■ Vd "" 1 + |Vd"" 1 | 2 d"}(s)ds 

Jo 


First, let us estimate Vd" in L^ r L 3Nr /( 3r 2 ). gy Corollary 12.10.11 and Lemma 12..'U with ri = 6r/5, 
r 2 = 3r, qi = 3Nr/(6r — 5) and qi = 3Nr/(3r — 2) which verify © and 0, we get 

(22) || Vd"|| <||Vd 0 ||.K _ 1 + ||(M"- 1 ,Vd"- 1 )|| jvr ||Vd" _1 || ^<V 

Lt r Lf r ~ 2 B p p r L? r L* L? r Lx 
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Moreover, applying Corollary 12. 10. 11 Lemma T2.31 Lemma T2.41 and Theorem 12.21 we obtain 
\\Vd n \\ L z LT + ||Vd"|| ^+||V 2 d™|| ^+||V 2 d™|| +||V 3 dl 

t x T 2r t r—i. r 2r t tr—L T r r 2 (r— 1 ) rrr or—z 


-'t ^x 

,.n— 1 


t ^x 

2jn — 1 1 


-'t 

.n—1 1 


(23) <l|Vdo ||. f _ 1 + |K- 1 || jv. ||v 2 d™- 1 || # ^+||V U "- 1 || ^ 

v ) RJA L? r Lj _1 T. 2 r T .? r ~ 1 T. 2 r T ,? r ~ 1 


|Vd" 


Li r Li 


+ II V 2 d" 


L 2r Li 
jn- 1II2 


ilr ' 

lfl?- 1 


| _^||Vd™|| + llVd ”- 1 !! 2 3JVr ||VcT|| JU^. 

T 2rr2r—1 M M r2rr'"-1 M *'* 11 3r-2 " r 3r r 3r-2 

-A + T' x -A + J-'x 


L 3 r L 3r " 2 


'ZfyL 3r 


Here, we have used Lemma [2.41 with rq = r, rq = 2 r (respectively r 2 = 2), q\ = Nr/(3r — 2) and 
q 2 = Nr/{r— 1) (respectively q 2 = oo), which fulfil the conditions © and (fTOl) (since r < 2). Moreover 
the constants of Lemma 12.31 are determined by rq = r, qi = Nr/ (3 r — 2), rq = 2r (respectively rq = r) 
and q 2 = Nr/(2r — 1) (respectively q 2 = Nr/(2r — 2)), which satisfy the conditions © and 0. 

The hypotheses (1181) for n — 1, allows us to absorb all the terms on the right-hand side with index 
n by the left-hand side (for rj small enough). Hence, (fT51) is true at least for the terms related to d. 
Now, let us estimate the remaining terms. By the Mild formulation for the Stokes equation, we get 


(24) 


l (t) = e tA u 0 + [ e (t " s)A P{ - u n ~ l • Vu n (s) + F n {s)}ds 

Jo 


where P is the well known Leray projector. Moreover, applying div to the second equation of (USD' 
we get —An™ = {— u n 1 • Vu" + F™}, which yields 


(25) 


vn™ = RR {- u 71 - 1 ■ Nu n + F”}, 


where R is the Riesz operator. Since P and R are bounded operators from L p to L p , for every 
1 < p < oo, applying Corollary 12. 10. 11 Lemma T2. 3 1 Lemma T2.4I (with the constants rq, r 2 , qi and q 2 
as in U23}) and Theorem 12.21 we deduce that 


(26) 


V«™|| ^ + ||Vu™|| +IKII + ||u n ||ij L? + ||(v 2 u™, vn™)|| 

jJ2 rrr 2(r— 1) r.2rrT _1 f x T r T 3r — 2 


LVL, 


Lj r L 


LVL? 


ll«o|| .£-! + IK II 2 ^l|Vu™|| ^+||F™|| ^ <»?||Vu"|| ^ + V ■ 

r p L? r L 1 r.2»r. 2r ~ 1 rxT. 3r ~ 2 T. 2 rT 2r ~ 1 


LFL 


L+ L x 


LFLi 


As in the previous estimates, the term of index n in the right-hand side can be absorbed by the 
left-hand side, obtaining finally (ITS)) - 

Now, let us observe that ||Vd™|| m v> < ||Vc?o|| jv_ 1 + 2 e , for every n£N. Indeed, by induction 

L 3r L^- e)r -‘ 2 3 

and recalling OH), we get 


Vd"|| ^ < HVrfoll . ^-x+§- h- IKk”- 1 , Vd™- 1 ^ 

L^lF^ B p p r 3 


IVcf 


fn —11 


Lf r Lx 


/S l|Vd 0 || . 


where we have used Corollary 12. 10. II and Lemma 12731 with rq = 6r/5, r 2 = 3r, q\ = 3Nr/((6 — e)r — 5) 
and q 2 = 3Nr/((3 — e)r — 2) which verify © and ©. Hence, in the same line of C3l) we get 


| V 2 d™|| 2 +||V 2 d 

h i? 

+ IIU™- 1 !! JXr. ||V 2 d 

L^LZ- 1 

j 2 jn-l 


2 'i™|| iv> 

t 2r t (2 — e)r — l 
-A j. J-/ x 

2 jn-1 1 | 


+ || w 


3 jnl 


L r t L 

n—1 


~ H Vd 0|Lf- 1+ e + 


L 2 t r L 


Av^+IIVn"- 1 !! 


t 


(2- e )r-l 


+ ||V 2 d™- 1 || ||Vd™|| _ , +||Vrf 


(2-e)r-l 


| S/d 


<n— 1 1 


Li r LZ 


'n—1 11 2 


Li r L 


(2-e)r-l 


L 2r Ll 


L 3 t -L. 


(3-e)r-2 


|Vtf 




3Nr 

(3-e)r-2 


Here, we have Theorem 12.21 and used Lemma 12.31 with rq = r, qi = Nr/((3 — e)r — 2), r 2 = 2r 
(respectively r 2 = 2/(2 — e)) and q 2 = Nr/{{2 — e)r — 1) (respectively <72 = 00 ), which satisfy the 
conditions © and ©. Furthermore, in the same line of (l33l) . we get 


|V«™|| + || Vu™|| A + ||(V 2 U ™, VH™ 

L 2r L^ ) L /~ L T 


3 % 2 ~ II M °H ■ + ^1 2 At 


x||V«"|| NV ++ 77 II V( U ",W™-^ 

r2r t (2-e)r-l 


in— 1 \ 


| nr +7 7 ||(V^™- 1 , VH" -;n yr 

T 2r t (2 —e)r—1 rrr (3 —e)r —2 

J- 1 1 J-'x -*-'x 
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Summarizing the previous consideration, we get by induction 

(27) ||(u", Vd”, Vir)||*. <||(« 0 , Vd 0 )|| .*_ 1+£ + ||Vd 0 || 3 „_ 1+2e , n gN. 

R P zb V 3 

J->p,r £>p,r 

At last, arguing as in the proof of (071) . we get also the following inequality 


(28) 


ivdl # ^ + ||v(«" ) vd")|| ^ a ^ + ||(vV,vir‘)|| ^ 

t 4 — 6e t 6r — 2 r 2 — e t 2r— 1 r 4 —e j or—2 

^ + Li -L-/ + ■L J x x 


< ||(u 0 , Vd 0 )11 ,N_ 1+ e <?7+ II(u 0 , Vd 0 )|| k. 


Here, we need Lemma OTil with r 1 = 4r/(4 —e), r 2 = 4r/(2 — e), q\ = Nr/(3r—2) and <72 = Nr/(r— 1), 
which fulfil the conditions © and (flOl) . We need also Lemma HHil with rr = 4r/(4—e), qi = Nr/(3r— 2), 
7"2 = 4r/(2 — e) and <72 = Nr/(2r — 1), which satisfy the conditions © and (|7|). 

Now we claim that, for every T > 0, d" is a Cauchy sequence in L£°, ( it” , Vd”, Vn„)n is a Cauchy 
sequence in X ry T and V(w”, Vd”)f^ is a Cauchy sequence in 

Denoting du” := u n+1 — it”, Sa n := a n+1 — a”, 5d n := d n+1 — d n , dn” := n " +1 — n”, we define 

5U n (T) := ||dd”|| L ~ i? + || (Su n , Vdd” Vdn”)||* r , T + || (Su n , Vdd") \\ L , Lr 

We want to prove that J2neN^U n (T) is finite. First, let us consider Sa n , which is solution of the 
following system 


(29) 


d t 5a n + u n ■ Vda” = -dtd^Va" 
^=o = ° 


t>N 


Using standard estimates for the transport equation, we obtain that 


(30) 


\\Sa n (t)\\ L ~ < 


f\\Si 

Jo 


»-r(«)IIII Va” (a) |U~ < C'(T)df7" _1 (t)||Va 0 ||i / ~, 


for every t G (0, T), where 


C{t) ~T* exp {T* ||(tt 0 , Vd 0 )|| ,jv_ 1+e }. 


Considering Sd n we observe that it is solution of 

, N f d t Sd n - Add” = 6H r 

(31) 

where 


*<§= 0 = 0 


did” := —dn ” -1 • Vd” - u n ~ l ■ Vdd ”" 1 + Vdd ”" 1 © Vd”d”+ 

+ Vd ”" 1 © Vdd”"^” + Vd ”” 1 © Vd”“ 1 dd”. 

Thus, for every t G (0,T), 

l|dd"(t)|| i? < ||dJd”||^ iso < 77||(^—\ Vdd ”" 1 

which yields 


IL4L2 


77 2 ||dd”(t)|| 




(32) 


||dd" 


L2?L; 


< 


r]SU n ~ L (T). 


Arguing exactly as in the proof of inequality (1181) , we obtain 


||Vdd”|U i? , + ||Vdd”|| ^+||Vdd”|l -+||V 2 dd”|| ^+||V 2 dd”' 


L*TL 


LiSLl 


T 2r T 1 

T X 


L^L^ r ~ 1> 


+ ||v 3 dd”|| ^ < ||Vdid”|| ^ + ||did”|| a r ^ < v{SU n (T) + 5U n ~\T)). 

t r t or—2 T r t 01 —2 r 5 r or —2 v ' 

J-J rjp J-J X J-V rj-i J—J x J-J rj-i L/ji 

In order to conclude our estimate we have to bound the terms related to dn”, which is solution of 

d t 5u n + u n • Vdu” + dn ”" 1 • V 11 " - Adw” + Vdn” = SF n R+xK 1 , 
div dn” = 0 R+xK 1 , 

dzip t=0 = 0 K^, 


( 33 ) 
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where SF n := F n+1 — F n . First, let us observe that 


l|vfe"|| 


T 2r T 

J-lrj 1-/ X 


yvfe" 


P« n ll 


T 2r T 7 

J-Zr-p J-/X 


||fe" 


L r T L^ r ~ 1) 

+ ||(V 2 fe™, V5II n )|| ^ <r ? (||fe"- 1 || 4^+IIVfel ^) + ||5F"|| ^ 

j^r or —2 v t 2r t r ~ 1 r 2r t 2r ~ 1 r r r 3r ~ 2 


LLL~ 


Hence, denoting by G n := div(Vd™ 0 Vd”), we have that 
||<fel ^ <||fe”(G", An™, VIP)|| sj ^ + ||<JG"|| ^+ V UASu 

L^LF ~ 2 LTrL~ 2 L^L ~ 


"- 1 vai™- 1 ) 


T r T 


which yields, recalling 


ll^ll ^ <||(G™ Au”,VH”)|| ^ ^||fe™|| ^ +SU n (T)rj 
<C(T)||Va 0 || iS c|| ( 517 n - 1 || i ^ +SU n (T)rj. 

Summarizing the previous considerations and supposing rj small enough, we obtain 

(34) SU n (T) <r ? ^”- 1 (T) + C(r)||Vao|U s =||dC/"- 1 || if(O T) . 

We claim that there exists C(T) > 0 and K(T) > 0 such that, for all t £ [0, T\, and for all n £ N 


(35) 


SU n (t) < Cr]% exp { K(T)——\. 

Vv 


We are going to prove it by induction and the base case is trivial, since it is sufficient to find C(T) > 0 
such that, for all t £ [ 0 ,T], 

SU°(t) < C(T). 

Then, for all K(T ) > 0, it is fulfilled 


5U°(t)<C(T)exp{K(T)^=}. 

Passing trough the induction hypotheses, we have that, for all t £ [0,T] 

SU n (t) < pSU^t) + C(r)||Vao||L-||^ n -i|| i¥ : (0it) 

< VvC(T) V % + C(T)C(T)\\Vao\\ L ~ ( J* exp | |^(T)-^} ds) 5 

< (ytjC(T) + exp jlF(T)-^} . 

Chosen K(T) > 0 big enough and supposing p small enough, we finally obtain (1M1) . 

It is now immediate to conclude that (d™) n, (V(u™, Vd") )n and («„, Vd™, Vn n )fj are Cauchy se¬ 
quences in , L^Lff and % r ,T, respectively . Moreover, resuming m, we deduce that (a n )n is 

a Cauchy sequence in L^Lff. Granted with these convergence results and recalling the inequalities 
(fT5l) . ([HD and [?71 we conclude that the limit (a, it, Vd, Vn)^ fulfils the property of the Proposition. 
Finally, recalling that, for every natural n, (a", it", Vd™, Vn™) is solution of (fl2l) and m, passing 
through the limit, we deduce that (a, it, Vd, Vn)^ is solution of © with (ao, uq, do) as initial data, 
and this completes the proof of Proposition 13.11 □ 


Proposition 3.2. Let r £ (l,oo), p £ (1,1V). Suppose that the initial data fulfil (|3j) and moreover 
Vao £ Lff and (uq, Vdo) £ Bp,l P 1+E with e < min{l/r, 1 — 1/r, N/p— 1 }. If the smallness condition 
holds, then there exists a global weak-solution (a, it, d) with the same property of Theorem If.61 
Moreover Va £ L^\ oc Lff, (u, Vd, Vn) belongs to 2p and 

(36) ||(«, Vd, Vn)||q,= < ||(u 0 , Vd 0 )|| jv_ 1+e . 

o V 
&r,A 
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Remark 3.3. The condition (1361) ensures the velocity field to be in L\ loc Cip x . Indeed, a classical 
Gagliardo-Niremberg interpolation inequality 


llV/Hi 


< 


11-011 w 2 t\\8 


V 2 /II 


9 = 


Nqi + q 3 q 3 


Ll 3 I' v J "il 1 ' Nqi + 2q 3 q 3 - Nq 3 




allows us to obtain the following estimate for every positive T: 

I|V(U, Vd)lliii- < II(i-tf i- Qf )ll 4 -)' ( ||t 7 f (w, Vd)|| L3riP + ||t“Jv 2 (u, Vd)|| i?ri ;i) < (X). 

As already mentioned, such condition permits the existence of the flow for the velocity field, hence we 
can reformulate system © trough Lagrangian coordinates (see section 6). Adding a weigh in time, 
we can increase the time integrability by 

II t a HVu, v 2 d)+ \\t a 'V 2 u\\ L¥ L? < oo, 

observing that a\ — is positive. These estimates are going to be useful to prove the uniqueness for 
the solution of © in the 2 ) r D 2 )p functional framework. 

Proof of Proposition 1 3.31 Proceeding with the same strategy of Proposition 13.11 we consider the se¬ 
quence of solutions for the systems m and m- We claim by induction that such solutions belong 
to the same space of Theorem 11.61 and moreover that 

(37) \\(Su n ,Vd n ,VSU n )hj r <r,. 

At first, let us observe that ||e tA do||i 2 ° < ||do||i“ < 1- Recalling that 


(38) 


d n {t) = e tA d 0 + [ e (*- s ) A {|vd n_ 1 | 2 d n — m 71-1 • Vd n_ 1 }(s)ds, 

Jo 


by Lemma [A.31 with r = r, q = p 3 /2 and a = 2yi = 1 — N/p 3 — 1/r, we have 

IK(t)lk~. <l + C' r || S 27l u"- 1 -Vd"- 1 (s)IL 3+a( /"*s 2r71 1|Vd” -1 (s)|| 2 P3||d n (s)||Lj°ds 

for every t G R+, where C r is a positive constant. Thus, by the induction hypotheses and Gronwall 
inequality, we deduce 


(39) 


IMlIV < 2r(l + C r rj 2 ) 2r exp |c r 7 y 2r }. 


Then we get \\d n (t)\\L%° x < C r , with C r positive constant dependent only by r. 

Furthermore, using standard estimates for the transport equation, we have ||a"||z,«’ < ||ao||z,=o and 
for all positive t, 

(40) ||Va"(i)|| L ~ < ||Va 0 ||z,~exp{^ ||Vit”" 1 (s)|| Ls =ds|. 

We claim now that t 7l Vd ra belongs to LflL^. 3 , t 72 Vd ra to t l3 \7d n to LflLfP 1 and f 74 Vd" to 

L^LifP 1 . By Theorem 12. 101 © and since 

fjN/p-l rW/p 3 -l _. nN/Spx-l _ AJV/p3-l p. r,N/3pi — l 
n p,r ^ n p 3 ,2r 1 1 n 3pi,2r ' ' °p 3 ,oo ''-^p^oo > 

we obtain that 

||^Ve tA do|| L jr £S 3 + 11f 72 Ve* A d 0 11 L oo l p 3 + H^Ve^doH^-Px + ||t 74 V e tA d 0 || irL 3 P1 < V- 

Furthermore, from the induction hypotheses and (l39l) . we have i ai V(|Vd" _1 | 2 d n — zi™ -1 • Vd n_1 ) G 
L't Lifl ■ Thus, applying Lemma ©B] with q = pi, q = p 3 and moreover the same Lemma with q = 3pi, 
we hnally obtain 


||t 7 l Vd"|| Lri ,3+||t 72 Vd re || iriS 3 + ||t 73 Vd n || iri 3p 1 + ||^Vd"|| L?)i 3p 1 

< ||Vd 0 || K _, + \\t ai V(|Vd n - 1 | 2 d n - u 71 - 1 • Vd"- 1 )!! 

Bdr 


< 


( 42 ) 
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Developing the right-hand side and absorbing the terms with index n by the left-hand side, it results 

(43) ll^Vdl^a + |K 2 Vd ™\\ L?L n + ||^Vd"|| i?ri 3 P1 + ||^Vd n || iri 3 P1 < v . 

In a similar way, by Theorem 12.51 and by Lemma 12.71 with q = P 2 and q = pi, we obtain 

(44) ||t*V 2 d"|| iri? + \\t p2 V 2 d n \\ LrL ™ + \\t ai V 3 d\\ L 2r L Pi + \\t a2 V 3 d\\ L r L Pi < V . 

Now, let us take the velocity field into account. At first, we recall that u n fulfils 


(45) 


u n {t) = e tA u 0 + [ e (t - s)A P{ - u n ~ x • V«"(s) + F n {s)}dsds, 

Jo 


with F n = (1 + a n )div(Vd n © Vd n ) + a n {Ai 


n —1 


- Vh"- 1 ). By Theorem l2T0l i 7l e tA u 0 belongs 


to Lt r LP. 3 and t' l2 e tA uo £ Lf > L V3 . By Theorem 12.51 with a = a\ (respectively a = 02 ), r = 2r 
(respectively f = r) and q = pi we obtain 


||t ai V 2 w”|| i 2r i Pl + \\t a *V*U n \\ L r Ll . < 11^^11^! + 


* Q 2V72„,n 


(46) 


+ || W 1 ■ Vu n + \\t a2 F n \\ L r L Pi + || W 1 • Vu"|| 


LTLC. 


(47) 


Arguing exactly as in the proof of (1751) and (1551) we get also 

+ W^Wl^lI 3 + ll^« n |L ri Sa + 

+ \\t^S7u n \\ LrLl . + \\t^u n \\ LrLl , < \\t ai F n \\ L 2r L Pi. 

Since 

\\t ai F n \\LFL*' + \\t a2 F n \\ L r L Pi < (i +||«olU ? >)||i /3l V 2 d n || i 2r i P2||t /33 V 2 d”|| iooi P3- 


||ao|| L »(p“ 1 (A' 


.u"- 1 , Vn n - 1 )|| L? r i Pl + ||t“ 2 (Au- 


, vir 


summarizing m . dm, m and (H7|) , there holds (1371) (by (1551) VII™ has the same regularity of A u n ). 
Moreover, from the arbitrary of p^ we get also 

II**-£(«", Vd") \\ L *r Lr +1|Vd ™)\\ LrLr < n. 

Now, we claim by induction that (u™, Vd™, VII™) belongs to 2)r an d moreover 

(48) IIK 1 , Vd™, vn™)|| aj , < \\(uo, V d 0 ) 11 . f _ 1+c , 

for every n £ N (uniformly). Recalling (1551) and (155j) . by Lemma 1555 with q = q 3 or q = dqi and 
q = pi, we get that 

I \t^- £ (u n , Vd™)|u, i? + ||^-e V d™|| i2ri 3 91 + ||^- e vd™|| ?1 < UK, vdo)iL 4 _ 1 + 


-‘t ^x 

\\t ai (V{|Vd™ _1 | 2 d™ — u n ~ 1 • Vd™ -1 }, {-u™- 1 • Vu™ + F„})|| 


L^Ll 1 > 


for every n £ N. Hence, since ||(m™, Vd™, Vn™)|| 2 j r < 77 , we deduce the following uniformly estimate: 
(49) ||K- £ (u™, Vd")|| irLl 3 + ||^S-Vd™|| Lfri 3 91 + ||t^-Vd "|| L?i .. #1 < v- 

We still proceed by induction and the base case (0, 0, 0) £ 2) £ is trivial. Now, let us assume 
that (u™ -1 , Vd™ -1 , Vn™ _1 ) belongs to 2) £ . At first, since (m 0 , Vdo) £ , V(uo, Vd 0 ) £ 

BqJTr~ 2+e anc ^ V 2 ( U0 , Vdo) £ B^ 2 r ~ 3+£ > by Theorem 12.101 we get that the conditions for u and Vd 
determined by 2)r are satisfied by e tA uo and e tA Vd 0 . Now, arguing as for proving (l42l) . we get 

||Kv 3 d™|| L 2 . i?1 + ||^v 3 d™|| iri?1 + ||KVd™|K L? 3 + ||t^Vd"|| i? , i? + ||t 7 »Vd n ||, a „. 8l + 


+ ||t^Vd n || iri 8, 1 < IlVdolL f _ 1+e + ||i“iV{|Vd 


t 

>n — 1 1 2 in n ,n— 1 V7 A n — 11 


d™ - w™” 1 • Vd 

+ ||KV{|Vd™- 1 | 2 d™-u 


• Vd™” 1 ! 
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Thus, recalling (1491) . we get 

\\t al V 3 d n \\ L 2r L n + ||t“Sv 3 d n || irL ;i + \\tfV<r\\ Lf r LV > + \\rfVd n \\ LrL « 3 + 

+ ||^Vd n || LaPL ., 1 + ||t 7j Vd n || LOOi a, 1 < ||Vd 0 || .£ _ 1+E + I7 (||^Vd n || Looi 3, 1 + 

+ ||^Vd"- 1 || i « iS 3 + ||^V 2 d"- 1 || irL « + 11^* Vd"- 1 11^.3 + ||t«V 2 d"- 1 || Lri? ). 

Applying the induction hypotheses we obtain (1551) at least for the terms concerning Vd”. Moreover, 
arguing as for proving (1451) we get 

+||t“SVV|| iP£S l < \\t al F n \\ L '2r L n + 

+ • Vu"|| L 3 ri? + ||t“^ n |Lr L -l + r^"- 1 • Vu n \\ L r L *l, 

and as for proving 03) 

W l U n \\ Ll r Ll3 + \\n n + ||^V«"|| L - iP < \\t^F n \\ Ll r L <n. 

From the definition of F n and by the induction hypotheses, we get (1151) also for the terms concerning 
u n . Since by Qo| VII” has the same regularity of V 2 u”, we finally obtain (1151) . 

Let us observe that, by Remark 14741 for every T > 0 there exists a positive C{T) > 0 such that 


llV^lUii- <C(T)||( Uo , V<d 0 )II 

J->p , r 

To conclude the proof we want to show that (a n , d", m")n is a Cauchy sequence in the considered 
spaces. The strategy is similar to the last part of Theorem 13.II Denoting 6 u n := u n+1 — u n and so on 
for 8 d n , Sa n and <5II”, for all T > 0 we define 

SU n (T) := ||(5u", Vdd”, Vn”)||<g rT + ||(W n ||L«i ? + \\thu n \\ L¥L -. 

We want to prove that 5U n (T) is finite. Let us consider Sa n which is solution of (1511) . By 

standard estimates for the transport equation and by (imp . we obtain 

(50) ||<Sa"(i)|| i? < f \\ 8 u n -\s)\\ L ~\\Va n (s)\\ LT d 8 <C(T)( f ^ds) V^WIMVoolU-, 

J o Wo s 4 / 

where C(T) = exp{(7(T)|| (it 0 , Vrfo)II aVp-m}' Considering 8 d n , we recall that is solution of (1511) . 

■tip t r 

Hence, by Lemma lA.31 with er = 2yi and q = P 3 / 2 , we get 


II^WIIl-< iia 27i ^ n iL , n 

L r (0 ,t\L 3 . 


<7 ? dt/”- 1 (T)+ 7 7 2 ||<5d”|| i??i o < 


for every t G (0,T). Taking the sup on 1 6 (0,T) we deduce 

¥<r\\L ¥ Lz- <vSu n ~\T). 

Moreover, by Lemma 12.61 Lemma 12.71 Lemma I A. 3 1 and Lemma lA. 41 we obtain 

||f /3l V 2 (W”|| L 2r i P2 + + ||t 7l V(5d”|| I/ 2 ri P3 + ||t 72 V(5d”|| i o ?I/ P3 + 

+ + ||t 74 V<5d™|| i o ?i 3 P1 + ||W(f*|| L5?w i,- < 

< \\t ai S78H n \\ L 2 T r L Pi + \\t^V8H n \\ Ll r Ll3 < v (SU n -\T) + 5U n (T )) 

Recalling (1441) , (l25l) and still using Lemmas 12.61 12.71 IA.3I and IA.41 we finally obtain 

8U n {T) < v 5U n -\T) + v\\Sa n \\ L¥L ~, 

and by (I5U1) we finally obtain. 

SU n (T)< V 8U n -\T) + C(T)T^\8U n -^ L s T \\Va 0 \\ LT . 

Such inequality is strictly similar to (1341) , hence we can conclude the proof of the proposition arguing 
exactly as in the last part of the proof of proposition 13.II □ 
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4. Existence of a Global Solution 

Let us now tackle the proof to the existence part of our main results, namely Theorem 11.41 and 
Theorem fL6l Thanks to the dyadic partition we regularize the initial velocity uq and the initial 
molecular orientation do, while we regularize the initial density ao by a family of mollificators. The 
key is to use the existence results and the estimates of the previous section, constructing a family of 
solutions for © with the regularized initial data. Due to the low regularity of do, it is not possible to 
prove the strong convergence of such approximate solutions. Hence, we shall focus on a compactness 
method, along the same line of [5] and [ISI- 

Let (xji)n be a family of mollifiers, we define ao,™ '■= Xn * ao, for every n € N. ao,™ belongs to W x ’°° 
and its L /-norm is bounded by ||ao||i~- Moreover, (ao,™)N weak* converges to a o up to a subsequence 
(which we still denote by (ao,™)w)- Since do belongs to Lff, which is a subset of x , and ito belongs 
to Bp/ P 1 , we cut the low and the high frequencies in the following way: 

u o,n ■= AfcUo, do,™ := Afcdo- 

\k\<n \k\<n 

Each term do,™ belongs to L/ with norm bounded by 1. Moreover it 0 ,„ and Vd 0 ,™ belong to H® -, for 
every real number s. In addition, the smallness condition @ is still valid for (ao,™, uo, n , Vdo,™). 

Proof of Theorem \1.4\ As already pointed out, ito,™ and Vdo,™ belong to for every real number 
s, in particular for s = N/p — 1 and s = N/p + 1. The hypotheses of Proposition 13.11 are fulfilled, 
hence it determines (it ", d n , a n ) solution of 0 with uo,n> do,™ and ao,™ as initial data. Furthermore 
we get the following uniform estimates for the norms of such solutions: 

||(i/\ vd", vn")||* r < 7 ? 

for every n G N. By these inequalities and the momentum equation of Pjl, (dtii")^ is a bounded 
sequence in L/L/ r ^ 3 ' 2) and (<9 t d")N is a bounded sequence in L r t L 1 / r ^' lr 2 \ Thus, applying Ascoli- 
Arzela Theorem, we conclude that there exists a subsequence of (it", d ra , o")n (which we still denote 
by (it ", d n , a")rj) and some (it, d, a, Vn) with a, d G Lff x and (it, Vd, Vn) G X r such that 


(a", d") 

(a, d) 

weak * in L/ x , 



3 Nr Nr 

Vd" 

Vd 

weakly in L 3 t r L/~ 2 , L/L / 1 

V(u n , Vd") 

->• V(it, Vd) 

„ Nr 
weakly in L 2 r Lf r 1 , L r t L ~ 1 , 


with in addition 

Nr 

V(Vu", n") ->• V(Vit, n) weakly in L r t Lf r ~ 2 

and 

Nr = 

u n strongly in , 

for all positive e small enough. The last strongly convergence is due to an interpolation result, 
observing that, for every T > 0, the sequence (u n — e tA uo, n )n is uniformly bounded and equicontinuous 
in C([0, T\, Lx r ^ 3r 2 ^) and moreover (e tA ito,™)N converges to e tA uo strongly in L\L^ r (since 
(mo,™)n converges to uo strongly in Bp// -1 ). We deduce that u n ■ Vd" and it" • Vit" converge to u • Vd 
and it • Vu respectively. Then, it is sufficient to prove that a n (Au n + VH") converge to a(Au + Vn) 
in the distributional sense, in order to conclude that (it, d, a) is a solution for © with initial data 
(uo, do, ao). Toward this, we shall follow [3| and 10], proving that (a")^ strongly converges to a in 
L\ " C (R+ x ®- W ) for any m < oo. thanks to the transport equation of © we have 

d t {a n ) 2 + u n ■ V(a ") 2 = 0, 


which yields 


dtu> + it • ui = 0 , 
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where co is the weak * limit of (( a n ) 2 )n (up to a subsequence). Moreover, by a mollifying method as 
that in [5], we infer that 

d t a 2 + di v(ua 2 ) = 0 . 


Thus 

( d t (a 2 — w) + div{u(a 2 — w)} = 0 K+ x 
|(a 2 - w )| t=0 = 0 , 

and from the uniqueness of the Transport equation (see 0) we conclude that a 2 — co = 0 almost 
everywhere. We deduce that (||a n ||i 2 (f 2 ))N converges to ||a||i 2 (f 2 )? for every fl bounded subset of 
R+ x R n , hence (a n )p( strongly converges to a in L 2 (fl). By interpolation, we deduce that (a n )N 
strongly converges to a in L^ c ( R+ x R N ) for any m < oo and this completes the proof to the 
existence part of Theorem 11.41 □ 


Proof of Theorem \ 1.61 We proceed along the same line of the previous prove, using Proposition 13.21 
instead of Prooosition l3.il We get the following uniform estimates for the sequence of the approximate 
solutions: 

ll(«”, Vd n , VIP)||^ <7,. 

Since a 2 r' < 1, (V 2 u n , Vn n )pj = (t~ a 2 t a2 (V 2 u n , VII n )N is uniformly bounded in L^L? 1 , where t\ 
belongs to (1, r/(l + a 2 F)) and T > 0. Similarly (V«", \/ 2 d n )^ and ( u n . Vd")^ are uniformly bounded 
in L^L ? 2 and LTjUJf? respectively, where r 2 £ (1, 2r/(l+ /3i2r)) and r 3 £ (1, 2t/( 1 + yi2r)). It is not 
restrictive to choose r 2 and T 3 such that I/T 4 := l/r 2 + l/r 3 is less than 1. Hence (d t u n )n is uniformly 
bounded in L Tl (0 ,T; L\) which yields that ( u n — e tA uo, ra )N is uniformly bounded and equicontinuous 
in C([0, T], L? 1 ). Moreover (e tA uo, n )N converges to e tA uo in L T 3 (0,T; L P3 ). Hence, by Ascola-Arzela 
Theorem, we conclude that, up to extraction, the sequence ( u n , d n , a”, Vn")^ converges to some 
(u,d, a, Vn) N such that a, d belong to Lf° x and (u, Vd, Vn) £ 2) r . The convergence is in the 


following sense: 

(a n , d”) ^ (a, d) 

weak *ini^ oc , 


Vd n Vd 

weakly in L T t 2 loc L p x 3 , 


V(u n , Vd n ) ->• V(u, Vd) 

weakly in L T t 2 loc U ’ 2 , 

with in addition 

v(Vu", n n ) v(Vu, n) 

weakly in 

and 




u n ^u strongly in 

for all positive e small enough. Finally we can repeat the argument at the end of the proof of Theorem 
11.41 concluding the existence part of Theorem 11.61 □ 


5. Lagrangian Coordinates 

The uniqueness result is basically based on the Lagrangian coordinates concept. The key is to rewrite 
system m under such coordinates, obtaining a new formulation which allows the uniqueness in the 
functional framework of the main Theorems. This strategy has already been treated in |2] on a 
restrictive family of ©, namely the incompressible Navier-Stokes equations with variable density in 
the whole space. We claim to extend it to the general simplified Ericksen-Leslie system. Before going 
on, in this section we recall some mainly results concerning the Lagrangian coordinates. 

Let T £ (0,oo], we consider a vector field u in L)p£ip x . The flow X of u is defined as the solution of 
the following ordinary differential equation: 

\d t X(t,y) = u(t,X(t,y)) (t,y) £ R+ x R n , 

\X(0,y) = y y£WL n . 
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The unique solution is granted by Cauchy-Lipschitz Theorem. Defining v(t,y ) := u(t,X(t,y)) we get 
the following relation between the Eulerian coordinates x and the Lagrangian coordinates y: 

X = X(t,y) = y + / v(s,y)ds. 

Jo 

Furthermore, fixing t' £ R, let X = X(t' ,t,x) be the unique solution of 

(d t X(t', t, x) = u(t,X(t', t, x)) (t, x) £ (t', oo) x R n , 

| X(t',t’,x) = x y £ R”. 

Then Y = Y(t,x) = X(—t,0,x) is the inverse map of X. Setting D := *V, we get A(t,y) := 
(D y X) _1 (f, y) = D x Y(t,X(t,y)) and moreover 

\\A(t) - Id || L oo < [ ||D y u(s)|| LS ods. 

Jo 

Assuming that u has L)pCip x - norm small enough, we obtain that the right-hand side of the previous 
inequality is less than 1 . Thus A(t,y) is determined by 


A{t,y) = D x Y(t,X(t,y)) 


(Id+(D y X(t, y) — Id )) -1 




k 


Furthermore 


(y x u)(t,X(t. : y)) = i A(t,j/)V y u(t,y), (di v x u)(t,X(t,y)) = di v v {A{t,y)v(t,y)}, 

Setting b(t,y) := a(t,X(t,y)), w(t,y) := d(t,X(t,y), P{t,y) := IL(t,X(t,y)) and moreover h(t,y) := 

(V x d)(t, X(t, y)) = t A(t,y)X y uj(t,y), system (J2J becomes 

' d t b = 0 R+ x R n , 

d t v — div y { A t AV y v} + t AX y P = — div y { AhQ h} R + x R w , 
dtUJ — t A : V/i = \h\ 2 uj 
div( t Av) = 0 
h = t AX y oj 

„ (v,b,u})\ t =o = {vo, b 0 , w 0 ) 

which is the Lagrangian formulation. Moreover, taking the derivative in x to the third equation of @ 
d t Vd + u ■ V 2 d + V« • Vd - A Vd = 2Vd • V 2 d + | Vd| 2 Vd, 

thus, h is solution of 

d t h + ( t AV y v) ■ X y h — dWy(AXyh) = 2 h ■ X y hco + \h\ 2 h. 


R+ x R n , 
R+ x R n , 
R + x R n , 
R n , 


6. Uniqueness 

This section is devoted to the proof of Theorem 11.81 and Theorem 11.91 For i = 1,2, let (m, di, Oj) 
be two solutions of © satisfying the condition of Theorem 11.61 Let Xi be the flow generated by 
Ui, for i = 1,2, and (vt, u>t,bi) the Lagrangian formulations of the solutions. At fist, let us observe 


'o, thus setting Sv := Vi — i>2, < 5 w := wi — W2 and 6P := 

Pi - Pi, we 

3 solution for 


dtSv — A Sv + XSP = bo(ASv — VSP) + Sfi + Sf 2 + 6/3 

R+ x R n , 

d t 6u = Sf 4 + <5/5 

R+ x R n , 

d t Sh - A Sh = Sfe + Sf 7 + Sf s 

R+ x R n , 

div{< 5 i;} = Sg 

R+ x R n , 

dtSg = SR 

R+ x R n , 

(Sv, Slo, Sh )| t=0 = ( 0 , 0 , 0 ) 

R n , 


(51) 
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where 

Sfi := (1 + o 0 )[(Id — t A 2 )'V5P — <L4VPi], 

<5/2 := (1 + a 0 )div{(A 2 t A 2 - Id)V5t; + (A 2 t A 2 - Ai t A 1 )Nvij, 

Sf 3 := div{<L4(/i 2 0 h 2 ) + A 3 (Sh 0 h 2 ) + A\ ( h\ 0 Sh)}, 

8/4 := • h 2 to 2 + hi ■ Shu } 2 + \hi\ 2 5u), 

Sf 5 := t 8 A : V/i 2 + *^i : V5/i, 

and 

5/6 := — t 5AS7v 2 ■ h 2 — * A±\75v ■ h 2 — * A{S7v\ ■ Sh, 

Sf 7 ■- div{ ( 4 A 2 - Id )VSh + t 5AVh 1 }, 

Sfs := 2 Sh ■ V/i 2 uj 2 + 2 h\ ■ X/Shu > 2 + hi ■ NhiSuj, 

Sg := (Id — t A 2 ) : VSv + t 5A : Vv 1 , 

SR ■= d t [(Id -A 2 )Sv] - d t [SA Vl ]. 

In what follows, we will use repeatedly the following identity: 

(52) 5A(t) = ( / £><MT)dr)(^ ~^~ 3 (*)) ’ 

•'° fc>io<i<fc 

with 

Ci(t) := [ Dvi(r), for i = 1, 2. 

Jo 

6.1. Uniqueness: the smooth case. Let us assume that 1 < p < Nr/(Sr — 2), e € (0,1] and 
r e (1, 2/(2 — e). We suppose our initial data (uq, Vdo) to be in Bp/ r p ~ 1+e D Bp,l P ~ l and we want to 
prove that the solution for ©, given by Theorem ll.41 is unique. First, let us observe that our solution 
belongs to the functional framework of Theorem 11.81 thanks to proposition 13. II Now, let us tackle the 
proof of the uniqueness. We need the following Lemma 

Lemma 6.1. Let T > 0 and let us assume that f, Vp, and R belong to Ll/Lx /v ■ Then 

{ d t v — Av + VP = f (0 ,T)xR n , 
divu = g (0, T) x 1^, 

d t g = divR (0 ,T)xR N , 

v\t=o = 0 R N , 

admits a unique solution such that 

+ INI LlL~ + ll^ll^^r + W Vv \\ l¥l 2^tj + 

+ H(a t u, v 2 u, vn)|| ^ < IK/, v<7, R) II 

L r L ]j r Xj 

Proof. Applying —div to the first equation, we get 

— AP = div {R — f — Vp}, 

which yields VP = RR ■ {R — f — Vp}. Hence, ||VP||x,«i < ||P, /, Vg , || i «, for every q G (l,oo). 
Moreover, v is determined by 

v(t) = [ e (t_s)A (/- VP)(s)ds, 

Jo 

thus by Lemmas 12.3112.41 and Theorem 12.21 we obtain the required estimate. □ 
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Thus, recalling system (EH), we get 

11 Ml JVr. + \\ 5 v \\ L 2 L C» + || V<5v|| + ||V<5u|| Nr + ||<fo|| i 2 i «> + 

TZrjr—L 1 x j 2 rj 2 r—l t 2r t 2 \ r ~O 1 x 

J-J'j' J-/X Jjrp ±JX J-J rp ±J X 

+ ||($fc;, \7 2 5v, V5II)|| < 11(5/!, <5/2, 5/ 3 , V<5<7,«5P)|| n, , 


where we have also used that ||&o||l“ = ll a o||i“ < T). Furthermore by the second equation of (T5TT) . we 
get Suj e L^L^ r ^ 2 ^ r ~ x ^ and 

IIMI ^ <11 (<5/4, <5/5)11 , 


Lrr* L 


1 , 2 (r-—l) 


LLL 


and by Theorem 12.21 Lemmas 12.31 and 12.41 we get 


Ill'll JV> + ||<5/l|| + ||<5/l||i2,Lgo + IIV<5/i|| + 

T 2r t r—1 T 3r r or — 2 lx r 2r r 2r—l 

±Jj-i J-J X 1-1 rp J-! X T - LJ X 

+ l|V5/i|| AO + ||V 2 <5h|| ^ < 11(5/6,5/7, 5/s)|| 

2r r 2(r— 1) - - ' — Q 


T 2r T 

J-'T ±J- 


T r r o 

Lj rr i-/ x 


LLL X 


Summarizing the previous inequality, we need to control the right-hand side of 

II (M 8 h, <5P)||ae T + ||5tf|| jfr + ||<5w|| nt < 

LVrL ir ~ 2 X T °° T 

1 1-1 rp ±J X 

< II(5/i, 5/ 2 , Sf 3 , <5/6, 5/65/r, 5/ 8 , V5 ff ,5i?)|| + ||(<5/ 4 , V5/ 5 , 5/ 6 )|| . 

r r r oi 2 r 1 r 2(i 1) 

ljrpl-JX L/rpLl X 

We are going to estimate each of these terms step by step. Moreover, in what follows we will use that 


||(VV, V 2 hi,VPi)\\ L r L N < ||(V 2 Ui, V 2 h,,VP,) 




N. +||(V 2 ^, V 2 hi,VPi) 


(3-e)r— 2 


Wr < OO, 




|VOi, hi)\\ L *r L Nr < ||V(ui, hi)II 2r ^ + ||V(ui, hi)\\ _ /o a> t < oo, 


AST A. 


Hr < OO, 


2r T C2 —e)r— 1 


L*TL£ 

IIVAill y < IIVAilU-ijr + ||Vi4i 

Lf? Z-i 3 1 

for i = 1 , 2 . 

Bounds for <5/i. From the definition of <5/i, we readily get 

ll<5/ill...^ <||Id-%|U-L-||V5P||__ ^ +||5A|| ^HVPH^y, 


T r t ■: 

±J rpl-/ x 


LVrL x 




where Nr/(2r — 2) is the Lebesgue exponent in the critical Sobolev embedding 

i Nr Nr 

W x ’ 3r ~ 2 

Consequently, because T < 1, recalling (E2D, we obtain 

II<5/iII ^<||V« 2 || ^ ||V5P|| # ^+||V 2 <5u|| ^||VP|| 

t r t or —2 r 2 — e r oo Tr r or —2 r r t or —2 Tr t or —2 

J—J rp 1—J X 1—J rp 1—/ 1—/ rp 1—J X 1—J rp 1—J X 1—J rp 1-J X 

Thus there exists a continuous function t —> Xi(t), which goes to 0 for t —> 0 and 


(53) 


II<5/iII ^ <Xi(T)||(5u,5h, V5P)|| Xr , T . 

LvtL x 


Bounds for <5/2- From the definition of < 5/2 and observing that A 2 — A± t A\ = 5 A t A 2 + Ai l SA, 
we deduce that 

||<5/ 2 || ^ <||V(A 2 %)|U 5?iS r||V5t;|| ^+11412^211^^IIV 2 5u|| 

LJ^L X LVpL x LVpL x 

+ II^H 2( a> i) (\\VA2\\ l ™ l n + ||Vi4i|| L oo£n)||Vi;i|| _a_ _ + ||V5A||_(||24 2 ||l“L“ + 




Lir e l° 


L2? Li 


+ ||^4.i||z,f?z,s°)||Vvill ^ + ||<5A|| ^__{\\A 2 \\l^l^+ \\Ai\\ L ^ L ^)\\S7 2 v 1 \\ L r rL N 

Lj? L x 

Hence, there exists a continuous function t —> X 2 (t) which goes to 0 for t —> 0, such that 


(54) 


11-5/211 <X2(T)||(5«,5/i, V5P)|| 3£ 


L rrrL X 
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Bounds for Sf 3 From the definition of Sf 3 we get 
11-5/311 - < 


L^Lx 

l|VM|| 




11^1 


11-5^11 


IIV/ir|| A Jlftrll 2r + 

L rp Lfffa L rjT Lx 


IVAriu^nv^n 


\VA 


L^ r Lx Lt Lx 

+ ||^ilk??£y>|| V5h\\ „ Nr\\h 2 \\ 


i||L5?i^||<5/i|| 


. || ^2 11 Nr + 


T 2r T * 

JJ rp ±J X 


T 2r T 7 
Jj t JJ x 


\\ML~L?\\Sh\\ 


LIT Lx 


|V/ l2 || 


+ llVAiHiooi^||V<5/i|| \\hi || jv> + IIVy4i||<5/i|| ^£rj|/ii|| a-> + 

' ™ j 2 r j 2 r — 1 t 2r t r ~ 1 1 x r 2 r r 2 r — 1 r 2r r r ~ 1 

J-J rp Jj X Jj rp -L-J X J-J rp Jj X Jj rp JJ X 


LiT Lx 


LzT Lx 


+ ||Ai|| l?? l ? ||V^|| . ^IIM . #^ + Pi||l ?? l»||<5/i|| -liv/nll ^ 

LiTLx~ LZCLN 


l|t l£’ 1 


T 2r T 7 

JJ rp JJ X 


Hence, there exists X 3 </) such that 


(55) 


11-5/311 ^<X3(T)\\(Sv,Sh,VSP)\\ XrtT . 

t r t Jr —2 
-LSrp ±JX 


Bounds for 5fa From the definition of Sfe we get 

\\m ^<11-5^11 JteJVwaU , ||M + 


Tr t 3r —2 
Jj rp JJ X 


L’SLi 


LfTLx 1 


+ ||-4i||l??L“I|V(5i;|| n _^r_||/i 2 || + ||Ai|| i? » LS o||Vwi|| j£^||^|| 

Lir Li 1 Lir LJ, Lir li 


t 2r t 2r—1 
JJ rp J-J X 


Thus 

(56) 


\\Sf 6 \\ N^< X 6(T)\\(6v,6h,V5P)\\ Xr 


L rpL x 


for an opportune continuous function X 7 (f) which goes to 0 when t —> 0 . 

Bounds for 5fa. From the definition of 6 fa we have 

II-5MI ^ <l|VH 2 || w ||V 2 d/ l || ^+\\A 2 ~Id\\ L ~ Lr \\V 2 6 h\\ ^ + 

LVpL x LVpL x LVpL x 

+ ||VdH|| ^HV/nll ^ + \\SA\\ y, HV^rlU^, 

T 00 t Jr —2 r 2 — e 7-qo toot 2 \ r ~ 1 ) 1 x 

J-J rp ±J X JJ rp J-'X JJ rp Jj X 

which yields that there exists a continuous function X 7 (t) «- 0 , with x 7 ( 0 ) = 0 , such that 


(57) 


||d/ 7 || Nr<X7(T)\\(6v,6h,S75P)\U T . 


T r T d 

JJ rp JJ X 


Bounds for 6 fa. From the definition of 6 fa we get 

ll-5/sll ^<||-5h|| jv.||Vh 2 || a ^||w 2 || L - i - + 

+ IMI J^IIV^II + JV> ||Vh 1 || i 2r i Wr||du;|| 

T 2r t r -1 r2rr 2r-l 1 * r 2r r r-1 T x 

JJ rp JJx JJ rp JJ X Jj rp ±J X 

which yields that there exists a continuous function xs(t) > 0 , with xs( 0 ) = 0 , such that 


Nr 

L™Lf (r ~ 1) 


(58) 


H- 5 /sll J^<X 9 

LTrLfa- 2 


v, 6 h,VSP)\\ XrtT + \\Sio\\ 

Z/2? L x 


Bounds for S75g. By the definition of 5g we get 


lives'll_< ||VA 2 || l ~£w||V<5i;|| _ ^ + || Id-A 2 || £ ~ £? [|V 2 HI„ _^ + 


L rpL X 




T r t d 

JJ rp JJ X. 


+ ||VdH|| ^HVmH ^ + \\SA\\ Nr\\V 2 Vl\\ L r, L N. 

L~Lfa~ 2 LfNL? L??L I 2(r - 1) 


We deduce that there exists a continuous function Xg(t) with y s (0) = 0 such that 


(59) 


11V <5 g 11 ^ < Xs (T)||(^, Sfa V<yP)||* riT . 

LJpLp 
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Bounds for SR. From the definition of SR we have 

\\SR\\ Nr < 11V v 2 11 „ «eJIHI jvr + || Id - A 2 11 L oo L o= 11 <9 t d?) 11 


T r t c 

±J rr 


L%TL 


T 2r T 7 

±j rn J-/ rr. 


+ ||Vdw|| Nr ||m|| JV>+||M|| 




L|, r Lx 1 




2(r-l) 


L^Li 


Thus, there exists a continuous function Xij(t) with xr( 0) = 0 such that 


(60) 


\\m 


< 


XR(T){||(^,dh, VdP)||* r , T + || W| p ^}. 


Bounds for d/ 4 . From the definition of d /4 it follows 


\m\\ 


< 


LlnL, 


2 (r— 1 ) 


\\Sh\\ Mr ||(/ll, h 2 )\\ ^ Mr ||W 2 |U 2 ?L“ + 


LfTL ^- 1 


+ 11 ^ 111 ^- 11^11 




Nr 

2(t—1) 


Therefore, we obtain 


(61) 


P/4|| 


LlrL 


2 rfej ~ X4 (T){||(^, Sh, VdP)||3e rtT + HMI ^ ^}. 

- L x 


Bounds for Sf$. From the definition of d /5 it follows 


||d/ 5 || JVV < IldAII 

ZTlJ l ' LZ’L 


Therefore, we obtain 
(62) 


A l|Vh 2 || ^ +i 1 "||A 1 || i o ?L? .||Vdfc|| 

? < - r - 1 > Lf L2° L r Lf ( r_1) 


\\Sf 5 \\ 


LLL 


Mr < X 5 (r)||(d?;, Sh, VdP)|| Xr 


2 (t— 1 ) 


Summarizing (1551) , ([51)1 . (1551) . (1551) . (1571) . (1551) . (1551) . (15U1) . (1511) and (1551) . we deduce that there exists 
a continuous function x(f) = X), Xi(f) which assume 0 for t = 0, such that 


ll(dv, Sh, dP)|| Xr , T + \\d t v\\ + ||dw|| 

l t l x ls?l. 


Nr < 
2 ( 1 — 1 ) ~ 


< 


X(T){ ||(d«, Sh, dP)||* r , T + \\d t v\\ LrL ^- 2x + ll<MI ^ 2^} 

^ x Z/ 2 ? L x 


which yields the uniqueness of the solution to ([2]) on a sufficiently small interval. Then uniqueness 
part can be completed by a bootstrap method. 

6.2. Uniqueness: the general case. Now let us consider the general case 1 < p < N, e £ 
(0,min{l/r, 1 — 1/r, N/p — 1}] and our initial data (uq, Vdo) in Bp,l P ~ 1+£ D Bp t l P ~ x . We want 
to prove that the solution for GD. given by Theorem 11.61 is unique. Let us observe that our solution 
belongs to the functional framework of Theorem ll.81 thanks to proposition [521 We also recall Remark 
15751 for the Lispschitz-estimates and suppose T < 1. In order to prove the uniqueness we need the 
following Lemma 

Lemma 6.2. Let aq, /3j, 7 j and pi, p 2 , P 3 be defined by Theorem 1 1. 61 for i = 1,2 and j = 1,2,3. If 

2 T r L p J 

d t v-Av + VP = f (0,T) x R n , 
dive = g ( 0 ,T)xI f , 

d t g = div R (0,T)xl f , 

U| t=0 = 0 R N , 

has a unique solution such that 


t ai f, t ai X7g andt ai R belong to L^fL^}, then 


(63) 


+ ll^lliS ?!* 3 + ll^lli^Pl + l|i 74 n|| is?i 3 P1 + \\t 01 v\\ L 2r L P2 + 


+ \\t^ 2 v\\ L ac, L P 2 + II t^(O t v, V 2 e, VP)II^PI < ||t ai (/, V. 9 , R)\\ L *r L Pi 
Proof. The proof is basically equivalent to the one of Lemma 16.11 □ 
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(64) 


By m and the previous Lemma, it follows that 

\\t Pl VSv\\ L 2 TrL P 2 + \\t^Sv\\ L¥L p + p 71 ^|| L 2 ri P3 + II t J2 Sv\\ L¥L P3 + l|i 73 ^ll L 2r i 3Pl + 

+ \\ tJiSv W L ~Ll P1 + V<5P)|| i?riS i < ||t Ql (Vi, Sf2, Sf3 , VSg, SR)W L 2 T r L Pi, 

where we have also used that || 6 o||l“ = ||«o||l“ < V- Furthermore, by the second equation of (15T1) 

we get t ai Suj € L^Lx 1 , where p\ = p\N/(N — p\) is the Lebesgue exponent in the critical Sobolev 
embedding 

W ^ 1 Ll\ 

Moreover 

r i ^iL OOJ Pi <p ai (<s/4, sm Pi . 

J-J rp J-J X 

By Theorem 12.51 Lemma 12.61 and Lemma 12.71 we get 

L|TL 3pi + L“Lf 1 + 

+ W&VShW^p + \\t h V6h\\ L¥L p + r i V 2 <ta||^ iS i < \\t a '(Sf 6 , Vr, Sf a )\\ L¥L n. 
Summarizing the last inequalities, we deduce that we have to control the right-hand side of 

||(<5u, Sh, V<5P)||^, T + \\t^d t 6v\\ L¥Lll + \\t ai ^\\ L?Ll i < \\t ai (Sfi, <5/2, V<5/ 3 )|| i 2r I Pi + 

+ \\t ai (Sf 6 , <5/7, < 5 /s, VSg, SR)\\ L¥Lll + \\t a '(6U, Sf 5 )\\ 

Let us now estimate the right-hand side of (16411 term by term. 

Remark 6.3. In what follows, we will use repeatedly the following estimates: 

f 1 < t a i for t < T < 1, 

l|VM|| is?iS1 < ||< ||t ai v 2 <5t;|| i3riS i, 

S IIV<5v |\ Li .LP Z W^VSvW^. 

Moreover, if in addition we consider p 3 = oo we get also the following estimate 

II^-^Ml^TL- + < OO. 

Bounds for t ai 5f\. From the definition of <5/i, we readily get 

\\t ai Sfi\\ L ^ < ||Id-%|k 5?ir ||t ai V(5P|| L3ri; i + \\6A\\ L¥iPt \\1""VP\\ L *r L s, 

where p\ = p\N/{N — pi) is the Lebesgue exponent in the critical Sobolev embedding 

W^’ Pl -+ l£. 

Consequently, recalling (l5!?l) and observing that ^ L Pl n Lf }, we obtain 

r^/ilL^gr < II^Vvalligr^ll^VrfPIL^pi + ||V 2 fo|| i ^ 1 ||t“ 1 VP||^ iS1 ||t“ 1 VP||^ 1 , 

for 9 determined by 1/N = 9/pi + (1 — 0)/q±. We get 

r^/illL-Lr < ll* aJ Vt; 2 || L?rL o 0 ||^V<5P|| i3rL5 i + ||V 2 fe|| L ^P 1 ||t“ 1 VP||^ rLS1 ||^VP||^ 1 , 

< II^VvalLprL-II^VJPIL^Pi + ll*" ai ll4^||t ai V 2 Jt;|| i4 r £ pi 

<\\t al Vv 2 \\ L% r L ^V5P\\ LlrLl > +T 1 -^)'\\t^Hv\\ L ^ Ll , 

Thus there exists a continuous function t —> Xi(t), which goes to 0 for t — > 0 and 
(65) r^Mi L2r T Lf l < Xl (T)H(^, Sh, V<5P)||sg rT 


26 


FRANCESCO DE ANNA 


+ 


+ 


Bounds for t ai Sf2 ■ From the definition of 6/2 and observing that A2 t A2 — A\ Mi = 5A M2 + A\ t SA, 
we deduce 

< ||V(A 2 %)IU5?Ljf||t ai V(Jt;|| iSri .p. + \\A 2 t A 2 \\ L ^L^\\t ai S/ 2 Sv\\ L 2 T r L Pi + 

+ ll^ll^oc^ (l|VA2|| W + ||VAl|| L o ?i w)||t Q lVl>l|| i 2r i?; + 

+ l|VM|| i o ?LS 1 (|| J 42||L5 ? I,oo + \\Al\\ L ^ L ^)\\t ai Vl> 1 || I/ 2r i oo + 

+ ll^ll r«,(11^2+ ||Ai|| i - i? )||t“ 1 V 2 t; 1 || i?ri y 

Ijrp -Li x 1 

Again by L^ D A® 1 and the critical Sobolev embedding, there exists a continuous function 

t —> X2 (t) which goes to 0 for t —> 0, such that 

(66) \\t ai Sf 2 \\ L ^ < X2(T)||(^, Sh, V<5P)||sg rT . 

Bounds for t ai 5fs From the definition of Sf 3 we get 

W^SfzWL^Ll 1 ^ I|V<M|| L oo L j;i ^hi\\ L 2r L ™ \\t*hi\\ L ™ L ™ + 

11*^11 L 5 ?i£* (ll^^lllifrZ^ 2 \\t~* 2 hl\\L™ L* 3 + ll*^ 1 v/ll lli^rz,® 2 W^^iWl^lI 3 ) + 

l|VA 1 || i ^||^ 1 V<5h|| i ^||^ 2 /i 2 || L = ? ^3 + ||VA 1 || L??i N ||f 7l ^|L r ^ 11^/1211^^3 + 
\\M\\L^L^\\t h y5h\\ L 2 T r L P^\\t l2 h 2 \\ L ^ L P x 3 + \\A 1 \\ L ^L^\\t' 11 Sh\\ L 2 T r L P3\\t lj2 Vh2\\ L¥L P2 + 

+ IIVArlU^H^V^IL^II^^IL-^a + l|VA 1 || LS o iS r||i^5/ l || L3ri p a ||^/ ll || L5 o LS 3 + 

+ || AiHi^ioo ||t /3l V5/l|| i 2r L P2 \\t l2 h\\\ L a» L P3 + || Aj. || L~£~ || ^ to || ^3 || ^ Vh, || ^2 

Hence, arguing exactly as for m and ©, there exists Xs(t) such that 

(67) \\t ai V5f 3 \\ L¥L ? < X3(T)\\(5 v, 6h , VAP)||^ r . 

Bounds for t ai Sfe From the definition of Sf q we get 

+ l|Ai||L|?L~||f /: ' 1 V(5u|| L 2r i P2||t 72 h2|| i5 o L P3 + IIAilliooioollt^Vui IIl^^ \\t l3 Sh\\ L „ L P3, 

Thus 

(68) ll^/elL 2 ^ < X6(T)\\(Sv, Sh , V5P)|| ?)r , T , 

for an opportune continuous function X6(0 which goes to 0 when t —> 0. 

Bounds for t ai Sfj. From the definition of (i/7 we have 

<l|VA 2 || i??L N||f“ i v^|| Lr ^ + ||A2|U- L? ||t“iv 2 <y/i|| L3rLS i+ 

+ II^AH^oo^Pl ||t“ 1 V/ll|| i 2r i?J + IIMH^^p* ||t ai V 2 hl|| i 2r Z/ N , 
which yields that there exists a continuous function X7{t) > 0, with xr(0) = 0, such that 

(69) \\t ai Sfr\\ L¥L ^ < X7(T)\\(6 v, Sh, V<5P) \\y riT . 

Bounds for t ai 5fs. From the definition of Sf$ we get 

\\t ai mL*TL? 

x||w 2 ||l 5?L“ + ||i /32 ^ 1 ||i~I,f3||t /32 Vh 1 || i o ?i P2||t _ 5 _ 5?||^ 7 2 ?r _ ff ||f55w||l,= ? L~ 

For e small enough, that is, 

(70) \\t ai 8f B \\ L¥L *L < X9(T){||(^, Sh, VSP)\\ Vr , T + llt^wlU-oi-}. 
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Bounds for t ai 'VSg. By the definition of 5g we get 

\\t ai V5g\\ L *r L Pi < llV^lli^ll^V^H^p. + ||Id-A 2 || t ~ L »||t ai V 2 HL=pzw + 

+ ||VM|| L oo iS i II+ \\m L ^ Ll l ||t ai V 2 «i|| i3rL jr. 

We deduce that there exists a continuous function % s (t) with x ff (0) = 0 such that 

(71) r^ll^i < X g (T)\\(6v, Sh , VSP) || 2Jr , T . 

Bounds for t ai SR. From the definition of SR we have 

\\t ai 5R\\ L¥ L*i < ||^Vu 2 || i5?i P 2 ||^<5z;|| i?ri P3 + \\lA-A 2 \\ L ^\\t^d t 5v\\ L ^ + 

+ ll i/3l V^|| i 2 ri P2||t 72 Ul|| i?>L P3 + II^II^pJ l|i Ql ^l|| Z/ 2r L ^, 

Thus, there exists a continuous function XR^f) with xr( 0) = 0 such that 

(72) W^SRh^i < X«(T){||(^, Sh , V(5P)||sg r T + \\t a 'd t 5v\\ L , T r L% i }. 

Bounds for t ai Sfi. From the definition of d /4 it follows 

\\t ai 8h\\ lW J % Wt^Shh^WP^h,, h 2 ) || £ « i P3||(a; 1 , w 2 )|| l ¥ l~ + 

x ||t 72 V(/ir, h 2 )|| i o ?i p 3 1|(cor, oj 2 )\\l ¥ l~ + II^^IL-^ MIIl-l? || V( Wl , u 2 )\\i# L ° 

+ l|i^i|li s? L«||t“ 1 ^|| p. 

1 x P't J-'x 

Therefore, we obtain 

(73) \\^m L ^ £ X4(T){||(fe, Sh , VSP)\\^ T + II^HI^pf}- 
Bounds for t 11 Sf- } . By definition 

< ||t ai V 2 <Ji;|| L3rLS i||V/i 2 || i i L? + || J 4 1 || iarT L-||t ai V 2 ^|| L3rLS i 

lienee 


(74) 


\\t ai Sf 5 \\ rl < X5(T)||(fe, Sh, VdP)|| 2Jr , T . 

J-'n-’J-'x 


with X 5 as the previous functions. 

Summarizing points (®, d67j, @g), (JMD, CSS, dJ, (USD, C3D and ([ZlD, we finally obtain 


|(5u, Sh, VdP)|| 2Jr , T + II^HIl^ + U^MI 


< 


Lrri L, x 


x(T){|(*t>, 6h,VSP) ||<g r , T + II^MI^pf + ir^HL-^} 


where x stands for Y^iXi- Thus, for T sufficiently small, the left-hand side has to be 0. This proves 
the uniqueness at least in small time interval. Then uniqueness part can be completed by a bootstrap 
method. This concludes the proof of Theorem 11.81 


Appendix A. Estimates 

Lemma A.l. Let the operator C be defined as in Lemma \2.f\ Consider T £ (0, 00 ], e > 0 small 
enough, 1 < f < 00 , and moreover suppose that q, q satisfy N/2 < q < N/(l—e), max{A, q} < q < 00 . 
Let a e , 7 e and 7 E be defined by 

a := -(3 —— — e) — 7 := r (l - tt - e) - r and 7 —-(l-^r-e). 
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If t a f(t) belongs to d/(0,T;L|) then t 7 Cf(t) belongs to 7/(0,T;Lf). Furthermore there exist C E = 
C e (q,q,f) > 0 such that 


(75) 




Moreover, if r > 2 and Nr/(2r — 2) < q, then t' 1 Cf(t) belongs to L°°(0, T; Lf) and t/iere exists a 
positive constant C E = C E (q,q,r ) such that 

( 76 ) \\t r cm\\L~( 0 , T ; L i) ^ c E \\t ae m\\ Lno , T . Ll) . 

Proof. Recalling m we have 

II^C/WIL|< f -^wrll/WIUsds. 

do |t _ i) 

Defining F(s) := ||s Qe /(s)|| L 9 , by a change of variable s = tr and because j e — a e +l = (l/q — l/q)N/2, 
we get that 

1 




\\ cm \\ L >< [ 

Jo 


. N_ ( l_l\ 
1 — T 2 q) 


Applying Minkowski inequality, we deduce that 


r cm\\ L TLi 


< 


l- 


1 


I Z. f l-i) 
— T 2 9/ 


t a F(tr)dT. 


( / F ( tT ) rdt ) r dT ^ 


which yields 


II* 7 Cf{t)\\ L r Li 


< 


f 1 _I_ 

Jo h _ ^ 1 # (;-?) 


— OL — 4- 


6t||^ Qi /(OIL'-i(o,T;A* 1 )' 


|l-r| 2 

Thus, because (1 /q — l/q)N/2 < 1 and 0 < 1/2(3 — N/q — e) < 1, we obtain inequality d75l) . 
On the other hand, observing that 




\\cm\\ L i % [ 

Jo 


r s~ 


n , , AT / 1 1 \ 

0 \t — s| 2 v« i) 


■F(s) ds 


< 


- e -/ e-/ 


I*- 




Li)- 


By a change of variable s = tr and because 7 e r' — a e r' — (1 /q— 1/q)Nr'/2 + 1 = 0, we obtain 


t^wcfm^ 


< 


0 |1 — rl" 2 




Since q > Nr/(2r — 2) yields (1/g — l/q)N/2 < 1 /r' and q < N/( 1 — e) implies a £ r' < 1, we obtain 
(USD, which completes the proof of the Lemma. 

□ 


Lemma A.2. Let the operators B be defined as in Lemma \2.3l Consider T £ (0,oo], e > 0 small 
enough, 1 < f < 00, and moreover suppose that q , q satisfy N/2 < q < N/( 1 — e) and q < q such that 
1/q — 1/q < 1/N. Let a e be defined as in Lem,m,a \A.l\ and /3 e and j3 E be defined by 

and 

If t a f(t) belongs to 7/(0,T;L|) then t@ Bf(t) belongs to L r (0,T;Lff) and there exists a positive 
constant C E = C E (q,q,r ) such that 

(77) IIS/(i)||if(o,T;LS) — C e ||t Q f(t)\\ L r(o, T ;Li)- 

Moreover, if r > 2, Nf/(2f — 2) < q and q < Nr then t^Bfft) belongs to L°°(0,T;L|) and there 
exists a positive constant C E = C E {q,q,f) such that 

(78) II ^/WIIl~( 0,T;R|) ^ C'ell ^ 0 f (0 II L*{0,T\L%) ■ 
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Proof. At first, recalling (JS]), we get that 

t pe \\Bf{t)\\ Ll <^ r 

Jo 


— s 2 U 9/ 


\t — s 


, J I/MIUsda. 


Defining F(s) := ||s“ e /(s)|| L 9 , by a change of variable s = tr and because /3 £ — a e + 1 = 1/2 + (1/g — 
l/g)lV/2, we get that 


i? 


iiw)Hli< f 1 

Jo 


1 


-r “ F(tr)dr. 


' o |1 — r| 2 V" 9 1 ' 2 
Applying Minkowski inequality, we deduce that 

1 


(79) 


r Bf(t)\\ LtL ' 


J ~ 


(f F(tr) r dt) "dr, 


which yields 


— r| ” (9 9) + 2 

II^S/COIM < f 1 - rrT r- a ‘-*dr||t a V(t)||i- ( o,T ; £S ) - 

iO | 1 _ r |fU-|j+3 

Because 0 < (1 /q — l/q)N/2 + 1/2 < 1 and 0 < 1/2(3 — N/q — e) < 1, we deduce inequality d77l) . 
For the second inequality, proceeding in a similar way of the previous Lemma, we obtain that 




t f./3 e r' s —a e r[ 


-ds \\t ae f{t)\\ L r { ^ T . Ll) 


. /0 |t- S |T + f 

By a change of variable s = tr and because f3 e f' — a e f' — (1 /q — l/q)Nf'/2 — f'/2 + 1 = 0, we obtain 

r 1 
/0 


t pt \\Bf(t)\\ L g< / - J, > t ; dT Wt^ f(t)\\ L r^ 0 J,. L qy 

\Jo h _ + 5 r' / 


Since by the hypotheses we can deduce af r' < 1 and (1 /q — l/q)Nr'/2 + r'/2 < 1 then there exists 
C e > 0 such that 

||t ' 3 Bf(t) ||loo( 0 ,T;LI) ^ /( i )lli i '(0,T;L9) 

□ 

Lemma A.3. Let 1 < f < 00 , q > Nf/(2r — 2) and a := 1 — N/(2q) — 1 jf. Let us suppose that t a f 
belongs to L r (0,T-, Lf) with T £ (0, 00 ]. ThenCf belongs to L°°(0,T; Lff) and for every t £ (0,T) 

l|C/(t)||L ? < Grll^/IUr^S), 

where Cfr is a positive constant dependent only by r. 

Proof. Recalling (HU we get 


l|C/(t)||i ? < [ - - )jvi F(s)ds, 

Jo it — s 2 is" 


'0 \t- S| 2 «s u 

for every t £ (0,T), where F(s) = s' 7 ||/(s)||l~. By the change of variable s = tr we obtain 


||C/(i)||i- < [ -"yi—^(tT)^ 2 9 a ds= f 

Jo 1 — T 2 9 7" ct 90 


1 


'0 |1 - r| 2 9 T ° 

Hence, by Holder inequality, it follows 


— F(tr)t f ds. 
0 |1 — rl 2 « t ct 


||C/(<)||l~ < ( [ - -^v-r-ydr) r ' ( f |F(t T^td-rV. 

Wo l-r“i r ' Wo ' 
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Since r'N/{2q) < 1 , we finally get 

l|C/(i)|k- < Cr(J I F(tT)\ r tdrY = CrKf\\ L ^ t , Ll y 

□ 

Finally we enunciate the following Lemma, which proof is basically equivalent to the previous one. 

Lemma A.4. Let 2 < r < oo, q > Nf/(f — 2) and a := (1 — N/q) 1/2 — 1 /?. Let us suppose that t a f 
belongs to L r (0,T; L q ) with T £ (0, oo]. Then Bf and t~^ 2 Cf belong to L°°(0, T; L“) and for every 
t e (o,T) 

IIW), t-*C/(t)|| L » < CrKfh^Ll), 

where Cf is a positive constant dependent only by f. 

Appendix B. Technical Results for the Heat and Stokes equations 

We consider the following system, composed by an Heat equation and a free Stokes equation with a 
linear perturbation: 


{ dtu + v • Vit — Am + Vn = /i R_|_ x R N , 
d t d~Ad = f 2 R+xE", 

div u — 0 R + xR N , 

(u, d )| t=0 = (u 0 , d 0 ) R N , 

where do £ and (uo, Vdo ) belongs to Bpi P ~ X with 1 < p < N and 1 < r < oo. Propositions IB. II 
and Proposition IB.21 concern the existence of a solution (it, d, Vn), which belong to X Ti t and 2 ) r ,T 
respectively. For p less than (or equal to) the critical exponent Nr/(3r — 2) we can solve our system 
in a functional framework based only on some regularizing effects for the heat kernel in L p L q spaces. 
However, if p exceeds this critical value, in order to handle this less of regularity we have the add a 
weight in time. 

Proposition 13.II requires the following result: 


Proposition B.l. Let 1 < r < 2 and 1 < p < Nr/(3r — 2). Suppose that /i, V f 2 belong to 
2 \ /2 £ L^L’ffi n LlpL^ r ^ 2 ^ r V/2 belongs to L^ 5 I/ 3iVr ^ 6r 2 \ Assume that v belongs 
to L?fLx r ^ r ^ and its norm is small enough. Let us assume that do takes value in § N ~ 1 , ug, Vdo 
belong to Bp/ r P 1 and condition Q is satisfied. Then there exists (it, d, Vn) solution of (18011 such 
that d belongs to L^Lffi, (it, Vd, Vn) belongs to X r ,T and (it, Vd) belongs to L^Lffi. 


Proof. The case of the simple heat equation in d is provided by the Mild formulation, namely 


(81) 


d(t) = e tA d 0 + f e^ A f 2 (s)ds = e tA d 0 + Cf 2 (t). 
Jo 


We immediately get d £ and its norm is bounded by ||do||L~ + fg ll/ 2 (s)||z,~ds. More¬ 
over, by Corollary 12 . 10.11 because Vd 0 £ Bp.'p P ~ l °4 1 ) 2r , we deduce that e tA Vd 0 belongs 

L't Lx '^'' the integral part VCf 2 (t) = CV f 2 (t) is handled by Lemma T2.4I with n = r, r 2 = 2r 
qi = Nr/{ 3r-2) and q 2 = Nr/{r- 1). Similarly, because V 2 d 0 belongs to -B^J./( 2 r ._i) i 2 r n ^ivr/( 2 r- 2 ),r> 
we get Ve tA Vd 0 £ LjtLx r ^ 2r ~ 1 {\L r T L?^ r ^ 2r ^ and by Lemma 1231 we obtain BV f 2 £ LfifiL^ r ^ 2r 1 fl 
U r LT /{2r - 2) . Observing also that Bp^ r ~ 1 is embedded in 3r , again by Corollarv l 2 . 10 .ll 

we get that e tA Vd 0 belongs to LgT , L 3JVr ^ 3r 2 \ The same property is fulfilled by Bf 2 = CVf 2 , using 

Lemma I2TTTI with n = 6r/5 and q± = 3Nr/(6r — 5). At last, since V 3 d 0 £ _ 2 ) r we deduce 

again by Corollary 12. 10. II that V 2 e tA Vdo belongs to L r T L A ' ^ 3r ~ 2 \ while the same result is allowed 








for AVf 2 by Theorem 12.21 Hence, (u, Vd, Vn) belongs to X r< T at least for the terms related to d. 
Furthermore, since Vdo belongs to 2 (here the necessary condition r < 2) we get e tA Vdo £ L^Lff 
and by Lemma 12.31 with r\ = r : r 2 = 2, q\ = Nr/(r — 1) and (72 = 00 , we deduce that P /2 belongs to 
L?pLff, that is Vd £ 

Concerning the Stokes equation with the u-linear perturbation the mainly idea is to use the Fixed- 
Point Theorem on the space X r ,T determined by 

X r ,T '■= { (u, Vn) such that (u, d, Vn) £ 


Indeed, let (tUj, VP*) belong to 3£ r> r, for * = 1,2, and let us define 


(82) 


i(t):=e tA u 0 + [ e (t s)A { - u • Vw* - VPi +/i(s)}ds, 

J 0 


vn,; := -PP- {u • Vcj, + /1}, 


then we have (u,, VP*) £ % r ,T, by the same techniques used for d. Moreover, subtracting in i, 
5u := u\ — u> 2 , dVn := Vni — Vn 2 , 5lo := uq — W 2 and dVP := VPi — VP 2 , we get 

||(du, dvn)||^ < imi jv> ||(^, <5P)||^ 

Thus, by the Fixed-Point Theorem, on the condition ||u|| i 2 r- L «>/(r-i) small enough, there exists 
(u, d, Vn) solution for (| 8 fl]> . with the properties described by the statement. This concludes the 
proof of Proposition lB.il □ 

Now we extend the range of r to (1, 00 ) and we consider an index of integrability p greater than the 
critical Nr/(3r — 2). As already mentioned, here the addition of a weight in time is necessary. The 
following result is used in proposition 13.21 

Proposition B.2. Let 1 < r < 00 and Nr/(3r — 2) < p < N. Recalling the notation of Theorem 
U~E let us suppose that f ai (/i, V/ 2 ) belongs to LifiLP} and t 2jl f 2 belongs to . Assume that 

t 71 £ L?fi LP? and its norm is small enough. Let do and uq be defined as in Provosition IP. ll Then 
there exists (u, d, Vn) £ 2 ) r ,T solution of (1501) . with d £ L^Lff. 

Proof. The proof is basically equivalent to the one of Proposition IB.II At first, by (ED and Lemma 
IA.3I we get 

Ml ¥ L~ <11411^ + 11^/211^. 

Recalling Theorem 12.101 by Vd 0 £ 2 r _1 > V 2 d 0 £ and V 3 d 0 £ , we get that 

f 7 l e tA Vd 0 £ L^LPfi Ve tA Vd 0 £ L^L^f and t ai e tA S7d 0 G L^TLg 1 . Similarly f 7 ’ 2 e tA Vd 0 £ LfD* 
and we get also t^Ve tA Vd 0 £ LfLp. Because Vd 0 £ )_1 we get f 73 e tA Vd 0 £ LiftLfP 1 and 

P' 4 e tA Vdo belongs to L^LfP 1 . 

Using Lemma fA.ll and Lemma fA.2l with e = 0, q = pi, q = P 2 , q = P 3 or q = 3pi, we deduce the 
previous results for CV /2 instead of e tA Vdo (observing also that VC = B and V 2 C = A). Thus Vd 
fulfils all the condition imposed by 2 J r ,T- 

To conclude the proof, we use the Fixed-Point Theorem. Denoting Y r the set composed by the 
couples (u, Vn) such that (u, d, Vn) belongs to 2 ) r ,T, we consider (a;,, VP,) £ Y t> t, for i = 1,2. 
Thus, defining (u,, Vn*) by (l82l) . we have 

||(fe, dvn)||^ T < iiP^ii^siKdw, dP)||* rT , 

hence there exists (u, d, Vn) £ 2 ) r ,T solution of ([80]) . and this concludes the proof. □ 
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